
Statistics and Computing 14: 333–336, 2004
C© 2004 Kluwer Academic Publishers. Manufactured in The Netherlands.

Polynomial approximations of multivariate
smooth functions from quasi-random data
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We improve a Monte Carlo algorithm which computes accurate approximations of smooth functions
on multidimensional Tchebychef polynomials by using quasi-random sequences. We first show that
the convergence of the previous algorithm is twice faster using these sequences. Then, we slightly
modify this algorithm to make it work from a single set of random or quasi-random points. This
especially leads to a Quasi-Monte Carlo method with an increased rate of convergence for numerical
integration.
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1. Introduction

Monte Carlo methods are not usually very accurate unless
one can find efficient variance reduction schemes (Kalos and
Whitlock 1986, Lapeyre, Pardoux and Sentis 1998) to build
methods with higher rates of convergence (Atanassov and Dimov
1999, Lepage 1978). Using control variates, we have developed
in previous works (Maire 2003a, b) an iterative Monte Carlo al-
gorithm to compute mean-square approximations of a function
f on orthonormal bases ek on the hypercube D = [0, 1]Q . We
write

f (x) =
p∑

k=1

akek(x) + r (x)

and we give initial Monte Carlo approximations of ak = 〈 f, ek〉
and f by

a(1)
k = 1

N

N∑
i=1

f (Xi )ek(Xi ), f (1)(x) =
p∑

k=1

a(1)
k ek(x)

using N uniform sample values X i. We compute then a correc-
tion bk at step M − 1 using N sample values Yi independent
from all the previous ones by

b(M−1)
k = 1

N

N∑
i=1

(
f (Yi ) − f (M−1)(Yi )

)
ek(Yi )

to achieve new approximations at step M by

a(M)
k = a(M−1)

k + b(M−1)
k , f (M)(x) =

p∑
k=1

a(M)
k ek(x).

The approximation of a regular function f ∈ C L ([−1, 1]Q) on
orthogonal polynomial bases can be written

f (x) =
∑

m∈NQ

amem(x) =
∑

m∈NQ

am Pm1 (x1)Pm2 (x2) . . . Pm Q (xQ),

where Pm j (x j ) is the orthogonal polynomial of degree m j with
respect to x j . The coefficients am of this approximation on ei-
ther Legendre or Tchebychef polynomials (Bernardi and Maday
1992) verify

|am | ≤ C1

(m̂1m̂2 . . . m̂ Q)L

where the positive constant C1 depends only on f and where
m̂ = max(1, m). We only have to keep the coefficients am for
which m̂1m̂2 . . . m̂ Q is small. Hence we define similarly as for
Korobov spaces (Krommer and Ueberhuber 1998)

WQ,d = {m ∈ N
Q/(m̂1 . . . m̂ Q) ≤ d}, Card(WQ,d ) = L Q,d

and we write f as

f (t) =
∑

m∈WQ,d

amem(t) + r (t).
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The following theorem gives the performances of the algorithm
when the approximation of the function f is given by

f (M)(t) =
∑

m∈WQ,d

a(M)
m em(t).

Theorem 1.1. Assuming the previous hypotheses and if

(i)

L Q,d

N
< 1,

(ii)

τ = sup

(
sup

k

∫
D

(
1 − e2

k (x)
)2

dx,

sup
j,k, j �=k

∫
D

e2
k (x)e2

j (x) dx

)
≤ N

4
,

we have

E
(
a(M)

m

) = am,

Var
(
a(M)

m

) ≤ 2

(
µ1

K (L Q,d )M−1

N M
C(L Q,d )M

+ µ(L Q,d )
1

d2L−1−ε

)
and the mean-square approximation of f by f (M)

E

( ∫
D

(
f (x) − f (M)(x)

)2
dx

)

≤ 2L Q,d

(
Var

(
a(M)

m

)) + µ2

d2L−1−ε
.

The proof relies on an accurate study of the statistical prop-
erties of the a(M)

m and on the peculiar decay of the am . Looking
at Var(a(M)

m ), we can see that the first term goes to zero geomet-
rically as the number of steps increases if K (L Q,d )C(L Q,d )

N < 1. We
achieve an accuracy as O( 1

d L−0.5−ε ) in the approximation of am

by a(M)
m . We have proved in Maire (2003a) that the Tchebychef

bases mimimizes the constants C(L Q,d ) and K (L Q,d ). We
slightly modify the original algorithm in computing the approx-
imations of the coefficients 〈 f, T̃n〉 on the normalized Tcheby-
chef polynomials T̃n(x) by the Monte Carlo approximation of
E(π f (V )T̃n(V )) where the density of V is 1

π
√

1−v2
1[−1,1](v). The

numerical accuracy in terms of numerical integration was com-
parable to a previous method with an optimal rate of convergence
developed in Atanassov and Dimov (1999). We will also use the
Tchebychef polynomials in the following.

2. Acceleration using quasi-random sequences

The term K (L Q,d )C(L Q,d )
N which determins the geometrical de-

cay of the variance of the a(M)
m until convergence comes more

or less from the computation of the corrections b(M−1)
k us-

ing a Monte Carlo approximation of the integrals
∫

D( f (x) −
f (M)(x))ek(x) dx . In order to speed up the convergence of the
algorithm, we intend now to replace the random drawings by
low-discrepancy sequences (Krommer and Ueberhuber 1998,
Niederreiter 1992). These sequences have a better distribution
than usual number generators in the unit cube. The discrepancy
measures the deviation of a given sequence of N points to the
uniform distribution. Low-discrepancy sequences have approx-
imatively the same number of points in each subdomain of same
volume. The most commonly used low-discrepancy sequences
are Halton (Krommer and Ueberhuber 1998, Niederreiter 1992),
Sobol (1967) and (t, N ) sequences introduced by Niederreiter
(1987, 1992). The main property of these quasi-random se-
quences is that they can achieve a rate of convergence for nu-

merical integration of (log(N ))(Q−1)

N instead of 1√
N

for crude Monte
Carlo (Krommer and Ueberhuber 1998, Niederreiter 1987). This
means that we can expect that the term K (L Q,d )C(L Q,d )

N will be

replaced by (log(N ))2(Q−1) K (L Q,d )C(L Q,d )
N 2 in Theorem (1.1). The al-

gorithm is especially useful for moderate dimensions say less
than 10. So, if we compare this two terms the number of steps
until convergence should be divided by around two. This ass-
esment will be confirmed in the numerical experiments if we
replace the random drawings by Halton sequences. A good way
to check the accuracy of all the coefficients a(M)

m is to compute
an approximate value Ĩ ( f ) of I ( f ) = ∫

D f (x) dx by

Ĩ ( f ) =
∑

k∈WQ,d

a(M)
k

∫
D

ek(x) dx .

We plot − log10
|I− Ĩ |

|I | as a function of log10(Nt ) where Nt is a
number of sample values used in the approximation algorithm
for f (x, y, z) = exp( x+y+z

2 ) using both random numbers and
Halton sequences
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An approximate value of the order of the method is given by
the slope of the curve. We obtain respectively around 1.7 for
random sequences and 2.1 for Halton sequences. The difference
is roughly log(2) which corresponds to a number of steps divided
by around two. We have done other numerical experiments up
to a dimension equal to 6. We still notice that we need twice
less points to achieve the desired accuracy if we use the quasi-
random version of the algorithm. We can guess that the use of
quasi-random sequences would not be so favourable in higher
dimensions.

3. Approximation from a single set of points

To try to make an even better use of the data, the next step is to
use the same ideas but from a single low- discrepancy sequence
Xi of size N . This corresponds for instance to a physical situa-
tion when one wants to take the maximum of information from
measurements. We now compute the corrections on the coeffi-
cients at each step of the algorithm using N1 random variables
Yi which are taken uniformly with replacement from the Xi .
This can be seen as random rational weights quadrature formu-
las involving the f (Xi ). We have to choose the value of N1 with
respect to N to make the algorithm as efficient as possible. We
are in the following situation. Defining N i.i.d random variables
Wi such that E(Wi ) = 0 and E(W 2

i ) = σ 2, we have to compute
the variance of Z̄ = 1

N1

∑N1
i=1 Zi where the Zi are taken uni-

formly with replacement from the Wi . We assume for the sake
of simplicity that Wi takes p discrete values. We have E(Z̄ ) = 0
and

E(Z̄2) = 1

N 2
1

N1∑
i=1

N1∑
j=1

E(Zi Z j ) = E
(
Z2

1

)
N1

+ N 2
1 − N1

N 2
1

E(Z1 Z2).

Furthermore

E(Z1 Z2) =
p∑

x=1

p∑
y=1

xy P(Z1 = x, Z2 = y)

and

P(Z1 = x, Z2 = y) = 1

N 2

N∑
i=1

N∑
j=1

P(Wi = x, W j = y).

As

N∑
i=1

N∑
j=1

P(Wi = x, W j = y)

=
∑

i, j, j �=i

P(Wi = x, W j = y) +
N∑

i=1

P(Wi = x, Wi = y)

and because E(Wi ) = 0, we have

E(Z1 Z2) = 1

N

p∑
x=1

p∑
y=1

xy P(W1 = x, W1 = y)

= 1

N

p∑
x=1

x2 P(W1 = x) = E
(
W 2

i

)
N

and at last

E(Z̄2) = E
(
W 2

1

)
N1

+ N 2
1 − N1

N 2
1

E
(
W 2

1

)
N

= N + N1 − 1

N N1
σ 2.

This computation shows that the variance on the corrections
depends on N+N1−1

N N1
. Hence, we take from now on N1 = 3N to

make the algorithm more stable and not too expansive. We have
done numerical experiments using once again random sequences
and Halton sequences to compute approximations of a function
f as

f (t) �
∑

m∈WQ,d

amem(t)

using this new version of the algorithm. The algorithm always
converges if we take N ≥ 5L Q,d using Halton sequences. We
compare the accuracy we can reach from random data and quasi-
random data of size N on the previous example.
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Approximate values of the order of the method are respec-
tively 3 for Halton sequences and 2 for random sequences which
should be compared to respectively 1 and 0.5. This new version
of the algorithm is significantly more accurate than the previous
one. Its convergence is however really slow and quite erratic. No
theorical proof of convergence is for the moment available. We
give a last numerical example taken from Atanassov and Dimov
(1999) of the linear transformation of the function

f1(x, y, z, t) = exp(x) cos(y) sin(z) ln(1 + t)

from [0, 1]4 into [−1, 1]4 using the quasi-random version of
the new algorithm. We compare the exact value of the integral
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I of the linear transformation of f1 over [−1, 1]4 and its
approximation Ĩ in the following table.

d L4,d 5L4,d
|I− Ĩ |
|I |

5 168 940 1.2 × 10−5

10 504 2520 4.2 × 10−8

15 880 4400 5.5 × 10−9

30 2453 12265 1.7 × 10−10

40 3650 18250 1.3 × 10−11

For a given value of N , we of course achieve a better accuracy
using this method than with our previous algorithm but also than
with the method developed in Atanassov and Dimov (1999). All
these numerical results show that we have made a better choice
for the integration points and a better use of these points than
with our initial Monte Carlo algorithm. Nevertheless, the new
version of the algorithm may be of less practical interest because
of its very slow speed of convergence which implies large CPU
times.

The complexity of the algorithms studied here depends of their
numbers of steps until convergence and of the cost of a step. At
each step one has to compute L Q,d coefficients using O(L Q,d )
points which means that O(L2

Q,d ) operations are required. As
all the algorithms have a geometric convergence here, we can
consider that the complexity of these algorithms depends mainly
on the complexity of one step. It is not really easy to describe
exactly how L Q,d depends on Q and d. We have nevertheless
proved in Maire (2003b) that ∀ε > 0, there exists a constant
θ (ε) such that L Q,d ≤ θ (ε)2Qdε, which shows that L Q,d does
not grows to quickly with Q and d.

4. Conclusion and future work

We have shown in this work that the use of quasi-random se-
quences has improved our previous algorithm Monte Carlo al-
gorithm which computes approximations on reduced size poly-
nomial bases. Moreover, these approximations can be achieved
from the most accurate version of our algorithm using only
5L Q,d points. For low dimensions, say less than 5, product rules
are usually considered as a reasonable choice for the numerical
integration of smooth functions. They require (d + 1)Q points

to be built. As (d + 1)Q grows a lot quicker than 5L Q,d when
d increases, we can expect to achieve a better accuracy with
our algorithm then with product rules even for small values of
Q. This is especially true for functions which are not too poly-
nomial like. We can also add that fitting directly the random
or quasi-random values to the approximation model seems to be
even more promising. It could especially allow us to make an ex-
haustive use of the data and to reduce drastically the CPU times.
An other possible improvement is to try to make an even better
choice of the points which represents the density defined as a
product of Tchebychef weights by using other quasi-random se-
quences or by building these points from a quantization problem
(Pages 1997).
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