SPARSE POLYNOMIAL APPROXIMATIONS OF THE POISSON
EQUATION OVER HYPERCUBES

CHRISTOPHE DE LUIGI, SERGE DUMONT, AND SYLVAIN MAIRE

ABsTraCT. We describe two ways to use reduced size polynomial approxi-
mations for the numerical solution of the Poisson equation over hypercubes.
The first one is a sequential Monte Carlo algorithm. The second one is a non-
standard Galerkin method which allows tests functions which do not verify the
boundary conditions. Numerical examples are given in dimensions up to 5 in
order to compare the two methods.

1. INTRODUCTION

Spectral methods [2,3] have been developed for a wide range of partial differen-
tial equations. They rely on tensor product approximations on several polynomial
bases. They are especially efficient for smooth solutions on simple geometries. In
the case of the Poisson equation in dimension @ over an hypercube D = [—1,1]%,
the most commonly used bases are the Legendre and the Tchebychef polynomial
ones. Even in such favourable situations, the complexity of the spectral methods
increases quickly with the dimension @) as the number of unknowns using the collo-
cation method with tensor product approximations of degree N becomes (N +1)%.
Moreover one has to solve a plain linear symmetric system with a complexity of a
O((N + 1)29) using for example an iterative method like the conjuguate gradient
method with or without preconditioning.

Hence it is worth considering approximations on different kinds of reduced size
bases to solve these equations in order to attenuate the dimensional effect. We can
for example mention the work from Von Petersdorf and Schwab [22] where sparse
piecewise approximations are used to solve parabolic equations in high dimensions.
Concerning the approximations of periodic smooth functions on (Q—dimensional
Fourier bases, Korobov spaces [12] have been introduced. They rely on a decay of
the Fourier coefficients a,, as

I Ep—

a e

mh= (mlmg...mQ)a

where m = max(1,|m|) and o > 1 is linked to the smoothness of the integrand.
The natural choice is to keep only the coefficients belonging to the set

{m e Z9/ (my...mq) < d}

where d is the level of approximations. Unfortunately one has to transform the

original integrand using the periodisation method to achieve such a decay for non-

periodic functions. This periodisation has a very bad effect on the constant C

which grows very quickly with a. Another difficulty is the numerical computation

of the coefficients which is handled using lattice rules in the purpose of numerical

integration [11,23]. In the case of polynomial approximations, Novak and Ritter
1
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[20] have developed a method to integrate polynomials such that their total degree
is below a given value. Their method performs very well for dimensions ¢ > 8 and
the integrand does not need to be periodic.

We have introduced in [15] polynomial spaces very similar to Korobov ones in
a sense that the basis functions are chosen in a multidimensional Tchebychef poly-
nomial basis according to a criterion based on the product of the degree of the
polynomials of each variable. This basis has the same good properties than the
previous Fourier basis but avoids the periodisation problems. Our criterion is also
more selective compared to the one developed in Novak and Ritter and is directly
linked to the regularity of the function to approximate. To compute the coefficients
of an approximation on this basis, we have first used a sequential Monte Carlo
algorithm [15] which was modified and improved by using quasi-Monte Carlo se-
quences [16]. The use of Tchebychef polynomials combined with random drawings
associated to the Tchebychef weight were crucial in these works. We have finally
replaced the algorithm by the least square problem of fitting our Tchebychef poly-
nomial approximation model to some random, quasi-random points or quantified
points [17]. This has led to quadrature formulas which will be used here to compute
the approximations. In section 2, we make a better description of this method and
give some numerical examples on various functions up to dimension 5 which will be
the solutions of the Poisson equations of sections 3 and 4.

We describe in these two sections two numerical methods to use our basis for
the numerical solution of the Poisson equation over an hypercube. The first one is
a sequential Monte Carlo algorithm which has been introduced in [7] in the case
of the Poisson equation. Its convergence properties and also its generalization to
a large class of linear partial differential equations have been studied in [§8]. The
second one is a variational formulation introduced in [4] which allows test functions
not verifying the boundary conditions. The main advantage of the method is that
it reduces drastically the sizes of the matrices involved in the discretization of the
variational formulation. We make some numerical comparisons between the two
methods and we also compare approximations on our reduced basis to the standard
approximations on tensor product Tchebychef polynomials.

2. THE APPROXIMATION METHOD

2.1. Description of the approximation. The Tchebychef polynomials T,,(z) =
cos(n arccos(z)) are the orthogonal polynomials with respect to the inner product

< P,Q>= f_ll %dw. They verify the differential equation

d ! 2 Tn@) -
%(MTn(x))—kn Wi =0

Using this equation, one can show that if f € C?#([—1,1]) the coefficients b, of
its mean-square approximation on the Tchebychef polynomials verify |b,| < n%,
where C' is a constant depending on f and L. The multidimensional interpolation

polynomial Py (f) at the points y; = cos( ?\;ﬁ %) of the Tchebychef grid writes

N

N N
Pn(f) =D D s iqTir (21) Ty (w2)- Tig (1)

11=0i2=0 ip=0



SPARSE POLYNOMIAL APPROXIMATIONS OF THE POISSON EQUATION OVER HYPERCUBES

where the oy, 5,4, are defined by
7@
< Tl (v + 1)@

Qi g, niq =

N N
Z Z (Yirs Yo ) Loy (Y51)-Tig (Yiq)-

Furthermore, standard approximation results [2] show that |[f — Pn(f)[|, < %

meaning that this approximation is really accurate especially when f is very smooth.
However, this kind of approximation is very sensitive to the dimensional effect
as its complexity is a O(N¥). Hence when the dimension @ increases one needs
to consider other types of polynomial approximation which can also take advan-
tage of the smoothness of the function f but with a smaller complexity. Letting
m = max(1,m), we have proved in [13] that the coefficients b,, of the mean-square
approximation in dimension @ verify
Gy

b <—A/\ ——
[bm| < (mima...mq )L

still using the differential equation satisfied by the T, for the Q) integration variables.
We can then give the approximation
f(z1,m2,.,2q) = Z bm Ty (21) T, ($2)--TmQ (zqQ) +r(t)
mGWQ,d

where the set

Wa.a = {m e N9/ (mj...mg) < d}
corresponds to a level d of approximation. We give in the following table some values
of Lg,q = card(Wq,q) to give an idea of the complexity of the approximation.

d | Log |34 | Laa | Lsa | Lea
1 4 8 16 32 64

2 8 20 48 112 | 256
3 12 32 80 192 448
5 21 62 | 168 | 432 | 1072
7 31 98 | 280 | 752 | 1936
10 | 48 | 165 | 504 | 1432 | 3872
15| 76 | 276 | 880 | 2592 | 7232

Some theoretical results are described in [15] which can be summarized by the
control on [, pT t)2dt. Under the previous assumptions, Ve > 0 there is a constant
Co.e dependlng only on @ and € such that

Co,
Il < d2L—0'.€5—e'

The approximation of the function f writes

f(xla z2, "7IQ) = Z mem1 (xl)ng (IQ)-~T771Q (lQ)
meWg. a
We compute the Lg g coefficients by belonging to Wg 4 using a program which
tests if mimo..mg < d and stores the values of these parameters in @ lists
ll(k),lg(k)lQ(k) We also define Cl(k) = 1l1(/€)213"'aCQ(k) = 1lQ(k)21 which
occur in the following normalizations. As we create this lists, we also store in
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another vector ! the unique value of k corresponding to l1(k),l2(k)...lg(k). This
vector will be useful in section 3 when we need to compute second derivatives of
these approximations. We now write

Lq.a

f(xy,22,..,0q) ~ Z l;;chl(k)(xl)ﬂz(k)($2>-~TlQ(k)(xQ)-
k=1

2.2. The least-square problem. We describe quickly the least-square method
developed in [17] to compute the coefficients by. For the sake of normalization, we
use a least-square problem weighted by the norms of the basis functions

M Lo ZQ c (k) Q@ . . .
=1 30 e O T 1 (60 - £, X))
=1 k=1 n=1

with
~ by
Sp = ——5———.
b e ®)
The minimization of Jy is equivalent to the resolution of the system Bs = ¢ with

fzn 1(’n(k)+(/n(.]) M Q
Brj = i Yo I T XD,y (X))

i=1 n=1
and
\fz” pen( U @ (i)
o= ST Ty (XX, X,
i=1n=1

The accuracy of the approximation depends on the condition number of the least
square matrix B using the inequality ||s — 5| < || B| ||B7!|| % Is|| - The relative
error in quadratic norm is

V0.

Is — 5] -
o S BB e e

sl

If the data are random variables with density

1,1

1= fi e
then the coefficients By ; go to di; with M because these coeflicients are integrals
computed by means of a Monte Carlo method. The speed of convergence toward
the identity matrix is bounded by \/% The use of Tchebychef polynomials enables
an uniform bound of this speed independent of d and @ that is C' < 1. This crucial
property is a straightforward consequence of the fact that these polynomials are
uniformly bounded by 1. It has been observed for example in [15] that the constant
C increases very quickly with d and @) when using Legendre polynomial basis.
As mentioned in the introduction, it can be efficient to replace this Monte Carlo
approximation by an approximation using Quasi-Monte Carlo sequences [12,18] as

Q-1
their rate of convergence for numerical integration is a O(%) Another similar
point of view is to find the best way to represent with M points the density w(x)
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according to some criterion. Using the competitive learning vector quantization
algorithm [21], we have computed the M points in D minimizing the functional

J(M) = min(/ 1<inf |z — 2| w(z)de : {x1, x9..x0 € D}).
D *t=

We have made some tests on pseudo-random linear generator, Halton sequences,
Sobol sequences and points built from optimal quadratic quantization. On some
basic examples in dimension 3, the quantization points appeared to be the most
efficient just before the Halton sequences. However, these points are difficult to
build in practice and one can also choose an hybrid strategy to build the quadrature
points: make some steps of the competitive learning vector quantization algorithm
initialized by Halton sequences.

2.3. Numerical integration and approximation. The first possiblity to com-
pute the coefficients by of the approximation

Lqg,q
f(xy,m2,..,2q) ~ Z b Ty, (k) (1) Thy (1) (T2) - Tiy (1) (@)
k=1

is to solve the linear system Bs = ¢ which has to be done for each different function.
A cheaper way to do it is to store the Cholesky factorization of the matrix B
once and for all. An even more efficient way is to build quadrature formulas for
the numerical approximation of all the coefficients b, and as for the numerical

approximation I(f) of
1= s

We first compute numerically the inverse matrix B~! and we then write s = B~ !q
to obtain

Lq,a Lqg.a \[Zn cen(d) M 4
= 2 B = 3 By S5 T, )
Jj=1 i=1 n=1

that is

M Lqa \/ngzlcnm Q ‘ , '
=30 Bt I T XD (X, X)),

i=1 j=1 n=1

Then, we have

M
b= (X1, XS
=1

with
L E Cn Q
Q.d 1 f n=1 ()

Zk_\[znﬂn )Z HTl k) X()

Jj=1
If we are interested in numerical integration, we finally have

Lqg.a

Zbkn/ Tl (k) d.’L‘—ZOzl ,...,Xg))
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with
Lq.a Q

1
k=1 n=17-1

We have observed no significant difference between the two numerical integration
procedures on some numerical tests. Hence we use the quadrature formulas for

the computations of all the coefficients by of the approximation and for I(f). This
means that the coefficients \; ;, and «; are computed and stored once and for all.

2.4. Numerical results. In this section, we give some numerical examples of ap-
proximations of functions in dimension 3 to 5 which will be the analytical solutions
of the Poisson equations studied in section 3 and 4. This will show the accuracy
of our approximation method and will also allow to check the efficiency of the two
methods of resolution of the partial differential equations. As a first example, we
use the functions

Z?:l Li

fi(z) = eXP(T)

which are obviously very smooth. As a second example, we build less regular
functions having an exact degree 2 of smoothness. In dimension one, we use the
cubic spline approximation of the function cos(3) on [—1, 1] at 7 equidistant points.
In dimension @, the functions fs are built using tensor products of the previous
function. We now give some numerical examples from dimension 3 to 5 letting
respectively the absolute errors es(3), ex(0), en(I) for a function h at the refer-
ence points (%, ey %), (0,...,0) and on the integral over the domain [—1,1]9. The
Lq,q coefficients are computed using [2.5 x L3 4] points built from Halton sequences.

d L3>d efl(%) €f (0) ef (I) efz(%) €fs (O) € (I)

3] 32 [2x10% [ 2x103 [ 1x10 3 [9x10°%[1x102]7x10°%
51 62 [ 8x107° [ 1x107° [ 3x10™° [8x107*[2x10°[8x%x10~°
7198 [1x10° [ 3x10° | 5x10°% [1x102]9x10°%[1x107°
10] 165 | 2x1077 [ 4x1077 [ 1x107® [1x107*[6x10"°[2x 1076
151276 | 2x1077 | 6x10% [ 2x10°% [3x10°5[2x105][4%x10°F
301 700 [1x1070 [3x1070 [4x107 T [4x10°%[6x10"7[7x10"%
60 1702 [6x 107 [2x 1073 [4x100¥[6x1077 [3x108[3x 1079

The approximations of both functions are really accurate. We achieve for ex-

ample an accuracy of 10 digits on the approximation of f; and 6 digits on the
approximation of fo when d = 30. The corresponding number of basis functions is
700. As a comparison, we also give the same kind of results using the approximation
on the tensor product Tchebychef interpolation polynomials of degree .

NI(N+D? | en(3) es, (0) ern() | en(z) | en0) | en()

3 64 1x1072 [ 9x107* [ 5x107% [4x 1073 [3x 1072 [2x 1072
5 216 3x1077 [ 3x1077 [ 2x1077 [1x1073[2x1073[6 x 1072
7 512 1x1000[2x1070[1x1071°[1x103[1x103[3x10°*
10 1331 3x1071 [ 5x107 % [2x107 ¥ [5x 1072 [3x107* [ 7x107°

We observe that the approximation results are slightly more accurate for the
function f; but really less accurate for the function f5. For example, when N =7
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which corresponds to 512 basis functions, we achieve an accuracy of 10 digits on
the approximation of f; but only 3 digits on the approximation of fs. This means
that the reduced basis is less sensitive to the smoothness of the functions than the
usual tensor product Tchebychef interpolation. This has been already observed in
[15] and as our basis is also a lot less sensitive to the dimensional effect, we only
keep it for higher dimensions. We now turn out to dimension 4.

d | Laa | en(3) es, (0) er, (I) en(z) | en0) | end)
3180 | 4x10 % [ Ix107 | 2x10 % [1x10 2 [2x10 2|1x103
5
7

168 | 8x107% | 4x107% [ 5x107 % [8x107*[8x107%|6x10~*
280 | 2x107% | 1x107™° [ 5x107% [1x103[8x10"%]3x107%
10] 504 | 1x1077 [ 1x1077 [ 2x1077 [2x107*[6x10"°[2x107°
15] 880 [ 3x108 [ 4x10% [ 1x1079 [5x10°5[6x10°][1x10"
3012453 [2x 10719 [3x 1070 [1x 1072 [ 6x10%[3x107% ] 4 x 10~"

Once again, we obtain a good accuracy on the approximations. The number of
basis functions Ly 4 is about 3 times greater than L3 4. Finally in dimension 5, we
have the following table.

L5,d e.fl(%) €f (0) Ch (I) €f2(%) Cfo (0) €fs (I)

112 [7x103 [4x1073 [1x1073[2x 1072 [3x 1072 [4x 1072
192 [9x10°[4x107%[8%x 107 [5x103[3x1072|1x102
432 [2x107°[9x 10 %[ 8x10%|5x103[2%x1073[2x 1073
752 [1x107%[5x107%[6x107%[2x103[3x1073[7x10°*
10[143216x108[4x108[5x109[3x107T[4x10°[8x 107
152592 | 5x10°3[1x108[4x109[7x10°[2x10"%[2x 10"

~N| O W N

We still obtain a good accuracy on the approximations. The complexity of the
approximation Ls 4 is about 3 times greater than L4 4.

3. SEQUENTIAL MONTE CARLO APPROXIMATION
3.1. General description.

3.1.1. Feynman-Kac representation. We make a short description of the sequential
control variates method developed in previous works focusing on the Poisson equa-
tion. The Feynman-Kac representation [5] of the pointwise solution of the Poisson
equation

1
—§Au =f

in a domain D C R¢ with boundary Dirichlet conditions u = g on 9D is given by

u(x) = Eu(g(Bry) + / " f(B)ds)

where B, is a d-dimensional Brownian motion and 7p is the exit time of this
process from the domain D. The Monte Carlo computation of this pointwise solution
[14] usually leads to two kinds of numerical errors. The first one comes from the
simulation error of the Brownian motion. If we call At the discretization step, the
relative error on the approximate solution using the Euler scheme is a O(y/At))
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which can be reduced to a O(At) when using a more sophisticated approach to deal
with the boundary conditions [6]. Some other schemes are also available like for
example the modified walk on spheres method [10] which is really efficient in the
case of constant diffusions. The second kind of error is the standard Monte Carlo

error using M simulations that is Wari where o is the variance of

g(X2 )+ / eearr

or of its discretized version. These errors are quite different from the usual approx-
imation errors involved in the deterministic numerical methods. We now describe
the sequential Monte Carlo algorithm developed in [7] which error and behaviour
are quite similar to the ones of a deterministic iterative method.

3.1.2. Description of the algorithm. We first compute approximate values ugl) of
the solution of this equation at N points x; using a Monte Carlo method. Using this
information, we can then build a global and regular linear approximation u(?(z)
of the Poisson equation. This can be achieved for example by a simple polynomial
interpolation or by fitting the data to a polynomial model. We now use the control
variate method with «!) as an approximation of u. We put Va € D

y(a) = u(z) — u(z)

and we now have to solve Vz € D the Poisson equation
1 1 1
——Ay=—=Au—u)=f4+=AuM
50y =—5Bu—u)=f+ ol

with boundary conditions

y=g—ub.
A global solution y* is computed using the same method that we have used to
compute V). Finally we approximate the solution of the initial equation by

u? (z) = uV(2) + yV (),

we can expect that this solution is more accurate than the previous one. We can
iterate this method to achieve an approximation u(™(z) at the nth step of the
relevant algorithm.

3.1.3. Convergence and approximation properties. We now recall the main hypothe-
ses and convergence results of the algorithm which are described with more details
in [8]. We assume that the approximation of the solution w can be written in a

linear form
N

Pu(z) =Y u(x;)¥;(x)
j=1
for some functions ¥;(z). In our particular case, this form can be obtained easily
because the approximation Pu of u is built via a discrete least-square problem (see
also [8]). Some weak assumptions are also required on the simulation scheme of the
Brownian motion with a discretization parameter A. The algorithm is stochastic
and biased due to the simulation scheme. Hence we define the quantities
mp = max |E(un (x;) — u(z;))|,vn = nax, Var(z;)

to study its convergence. To study the influence of the simulation scheme, we
consider the difference of the solution of the Poisson equations, with ¢ as both
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source term and boundary condition, between respectively the discretized and the
continuous one. Then e(g, A, z) and V (g, A, z) are respectively the mean value and
the variance of the previous quantity. We first state the convergence result for the
bias.

Theorem 3.1. For any n > 1, we have

M < s + e ([P() = al(e) + Ple(u— Pu. A, )l(z:)

where py, = maxlgiSN[Zj\Ll |Ple(W;(, A, )](x:)]]. If A is small enough, then py, <
1 and m,, converges at a geometric rate up to a threshold equal to

max |[P(u) — u](z;) + Ple(u — Pu, A, )](x;)] -

lim sup m,, <
P "7 1 — pp 1<i<N

This theorem shows that even if the simulations are biased the upper limit on
the bias depends mainly on the quality of the approximation P(u) — u. We now
state the convergence of the variance v,,.

Theorem 3.2. Setting

then one has for anyn > 1

N

1
< — i .
Up < PyUn—1 + M_211<nlag§\[ v? G@)V(u— Pu, N xy) + C(A, N)my,
j=

If A\ is small enough and M large enough, then p, < 1 and v, converges at a
geometric rate up to a threshold equal to

1

ﬂ o <NZ\II z;)V(u—Pu, A, 2;)+C (A, N) limsupm?).
_pv g

lim sup m,, < (

Note that when p, < 1 and p,, < 1 (which is always true for A small enough
and M large enough) the convergence holds for both the bias and the variance. We
now describe the algorithm based on spectral approximations especially how the
new source term is at each step of the algorithm and also what is the accuracy on
the solution.

3.2. Spectral formulation and approximation. We now describe the algorithm
based on our spectral approximations especially how the new source term is at each
step of the algorithm and also what is the accuracy on the solution.
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3.2.1. New source term. For the sake of simplicity, we only describe how to obtain
the formulas for the new source term in dimension 2. The extension to higher
dimensions is straightforward. We recall [3] that the expression of the second de-
rivative of a polynomial approximation Py (u) = Zf:;o a, ), of a function u writes

(Pxn(w)" = 202 By Ty with
1 N
Be=— Y. p(® K)oy

Ck
p=k+2,p+k even

where the normalization coeflicient ¢y is such that ¢o = 2 and ¢ = 1 if £ # 0. Then
if the bidimensional approximation writes

N N
unN = E E an,nLTnTm;

n=0m=0
we have
N N
N=D ) T
n=0m=0
with
1 N 1 N
04512,371 = Z p(p* - nQ)O‘p,m + o Z p(p* - mQ)amp'
m

" p=n+2,p+neven p=m+2,p+m even

If we now consider the bidimensional approximation on the reduced basis

La.q
ua = 0kTh, ) Tia )
k=1
we have
La.a Lo
Dug =Y 0Ty T + D 06 Th 0 Dy -
k=1 k=1
Then, we can write
Lsa Lo g1y (k)—2
Z O Ty, 1y Tha (k) = Z Z *ll (h(k)? = m2)1l1(k)+m evenLmTl, (k)
k=1 = m=0
and also
Lo Lo qla(k)—2
D 0T Twm =D, D —z2 (l2(k)* = M) L1, (-4m evenThy () Lom-
k=1 k=1 m=0

The function Aug can be obviously approximated on the same space than ug. To
. (2) ¢ S
compute the coefficients b, of its approximation

La.q
2
= T, 1y Thacr
=1

on this space, we need to know to which two basis functions the terms 75, T}, (x) and
T, (k)T correspond to. This can be done easily by using a vector [, created along
with the lists {1 and lo, which tells which indices i; and i5 correspond to the pairs
(m,l2(k)) and (11(k), m), that is [(m,l2(k)) = i1 and I(l1(k), m) = ia.
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3.2.2. Approzimations results. The quality of the solution depends mainly on the
approximation © — Pu. We have seen described in section 2 the two kinds of
approximation results if we either consider the tensor product approximation or
the approximation on the reduced size basis. We are likely to obtain numerical
approximations of the solutions which are of the same magnitude than these ap-
proximations.

3.3. Numerical results. We only take in this section the first example of sec-
tion 2, that is we solve Poisson equations in dimensions 3 to 5 which solutions are

Q )
the functions fi(z) = exp(%) (the source terms of these Poisson equations

are —1Af; and the boundary conditions are f1). The simulation scheme for the
Brownian motion is the Euler scheme with a test near the boundary based on the
half-space approximation [6] with M trajectories and a step size At. We do not test
less smooth solutions here because we remark on the numerical experiments that
we already have some difficulties using this method with very smooth solutions.
We denote by S the number of steps until convergence and we give CPU times in
seconds. In dimension 3, we have the following table.

Lgﬁd M At efl(%) €1 (0) CPU S
32 [ 100 | 004 [4x107%*][2x1073%] 05 | 8
62 | 180 | 0.02 [1x107%[1x10°] 6.2 |15
98 [ 300 | 0.02 [1x107%[2x10=°] 22 |14

10 165 | 800 [0.005 | 5x 107 %[6x10"%| 403 |12

12] 216 [ 1200 [ 0.003 | 7x107%[2x10°%| 2114 | 16

~| U W

On this example and on the next ones, we have chosen the step size and the
number of Brownian trajectories so that the convergence of the algorithm is always
achieved. To do so, we have to increase the number of trajectories and also to
diminish the step size of the Euler scheme when d increases. We notice that we
obtain an accuracy on the solutions at the two reference points which is comparable
to the approximations of the exact solution at the same points. Nevertheless, the
accuracy obtained on the solutions is one digit less accurate than the accuracy on
the corresponding approximations of the exact solutions for d = 10. This value
seems also to be the limit for the method to be acceptable in terms of CPU times.
We now compare with the tensor product approximation on Tchebychef polynomi-
als.

(N =+ 1)3 M At efl(%) ef, (0) CPU | S
64 100 003 [1x107%[2x107%] 15 |10
216 200 0.01 [2x107[2x10"7] 235 |14
512 800 [ 0.002 [3x 107 % [2x 10-% | 2800 | 16

| ot | =

The results are once again comparable to the exact solutions except maybe for
N = 7 where the accuracy was 10 digits instead of 8 here. We could certainly reach
this accuracy by diminishing At and increasing M but this leads to greater CPU
times which were anyhow too large in this case. As the solution is very smooth,
the solution is well enough accurate taking N = 5 which requires CPU times equal



SPARSE POLYNOMIAL APPROXIMATIONS OF THE POISSON EQUATION OVER HYPERCUBHES

to 23.5 seconds. The following table summarizes the results obtained in dimension
4 to 5.

d | Lyg| M At er (%) er (0) CPU | S
318 [ 100 | 0.02 [2x1073[1x10°°| 28 |11
5168 [ 300 [ 0.02 [5x10°[6x107°| 37 |14
7 1280 ] 600 | 0.01 [2x107°[1x10"°] 350 |16
10 | 504 | 1000 | 0.005 | 8 x 107° [ 4 x 107° | 3200 | 15
d L5_’d M At efl(%) €1 (0) CPU | S
2 [ 112 ] 100 | 0.03 [2x1073[7x107%] 33 |11
31192200 [ 002 [2x107%[4x107%] 21 12
5 432 ] 400 [ 0.02 [2x107°[6x107°] 200 |13
7 [ 752 700 | 0.01 [2x107°[7x10"°] 1600 | 12

We obtain the same kind of results than in dimension 3 concerning the accuracy
on the solutions. The values d = 7 in dimension 4 and d = 5 in dimension 5 seem
to be the upper limits for using this method at a reasonable cost. As the solutions
are very smooth, these values are nevertheless sufficient to obtain an accuracy of 5
digits on these solutions.

3.4. Conclusions. On all the numerical examples studied, we have obtained a
good accuracy on the solutions of the Poisson equations. However, the algorithm is
not efficient enough especially when d increases. As a consequence we cannot expect
to use it for less smooth solutions in its present form. Some more sophisticated
numerical schemes need to be developed to improve this efficiency using for example
the ideas developed in [10]. There is not a good balance between the evaluation
of the source terms E, ([, ” f(Bs)ds) and the boundary terms E,(g(B;,)). Indeed
in a Monte Carlo simulation starting at z, many evaluations of the function f are
done instead of only one of the function g. One can also think of using quasi-Monte
Carlo simulations [14] or make some parallel versions of the algorithm. Finally, one
can use the control variates method after convergence of the algorithm at a fixed
point to obtain an even more accurate approximation.

4. THE HYBRID GALERKIN FORMULATION

4.1. Introduction. The basis functions that we have used in our approximations
do not verify automatically the boundary conditions. In order to use them as
test functions anyway, we adopt here an hybrid variational formulation which was
proposed in [4] following the ideas of the Nitsche method [1,19,24]. This hybrid
variational formulation for the Poisson equation

—Au=f
a

in a domain 2 with boundary conditions u = ug on I'p ﬁ =g on 'y writes

/Vu.Vvdx—/ (%v-i-@u)ds:/fvdx—}-/ gvds—/ uo@ds
Q I'p (971 671 Q I'n T'o an

where v is a test function. In the original method, a penalization term of the form
r frD uvds is added to the left handside of the variational formulation in order
to enforce the coercivity of the symmetric bilinear form. It is shown in [4] that
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in the case of elliptic problems, it is not necessary to add this penalization term
to obtain the uniqueness and the convergence of the solution of the discretized
problem. However, the relative matrix is no longer positive but is still inversible.
We can point out that for test functions vanishing on the boundary, this formulation
is exactly the same as the classical one. This method has already been used with
various test functions like finite elements which do not respect the shape of the
boundary or with wavelets. Moreover, there is no lost of accuracy of using this
method than the classical one at least in the one dimensional case.

The test functions used here are product of Tchebychef polynomials of each
variables. We solve the Poisson equation using different kinds of approximations
based on these test functions. We first describe the variational formulations based
on these approximations. Then we make some numerical tests to compare with
the previous Monte Carlo method and also to study the impact of less smooth
solutions on this method. Finally, we introduce additional approximation spaces to
overcome part of the bad conditioning problems which appear when the size of the
approximation space increases.

4.2. Description of the variational formulations. We first make in detail the
description of this formulation using different polynomial basis in the case of Dirich-
let homogeneous boundary conditions on cubes that is ug = 0 and I'p = I'q on
D =[-1,1]9 for Q = 1,2,3. Then, we describe shortly how to extend this method
to higher dimensions and to more general boundary conditions.

4.2.1. The one-dimensional case. In dimension one, the approximation of the solu-
tion writes

N
un(x) = Z Ty ()
k=0

where the coefficients «j are solutions of the IV + 1 equations

N

Zak(ak,j +Y%,5) = B;

k=0
with

1 1 , ,
5= |t by = [ 1@ @)
-1 -1
and / / / /
Vg = Te(=1)T; (1) + Tj(=1)T}(=1) — T (1)T; (1) — T;(1) T3, (1).
As Tj(1) = 1, Tj(=1) = =10, T;(1) = 52, T;(~1) = (—=1)"+152, we have
Vg = (—D)FIH - 1)(52 + &?).

Letting ar,; = by, + V,j, we have to solve the linear system Aa = (3. As the
matrix is not positive and definite, a LU factorisation appears as a good choice for
the resolution. The coeflicients by ; can be computed exactly and stored once and
for all. The approximations of the coefficients (3; are computed using quadrature
formulas described in section 2. More precisely, we first obtain an approximation
of the function of the form

f(z) ~ Z e Tk ()
k=0
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where the ¢ are obtained via quadrature formulas. These quadratures can either
be our quadratures or the usual quadratures based on Gauss points. Then we have

1 N N
B; :/ chTk(x)Tj(x)dx o~ chs;ﬁj
~l k=0 k=0
with .
Sk,j =/ Ti(y)T5(y)dy.
~1

The coefficients b ; and s ; can be computed exactly and stored once and for all.
They are also useful in higher dimensions.

4.2.2. The bidimensional case. We describe how to use the variational formulation
on the reduced basis. The approximation of the solution writes

Laa
ua(z,y) =Y Ty, ) (@) Toy i) ()
k=1

where the two lists [ (k) and l3(k) are used to locate to which basis functions the
Lo g coefficients oy, belonging to Ws 4 correspond to. These coeflicients oy, are
solutions of the Ly g equations

L34
> Oy + ) = B
k=1
with
1 1
B; =/ / (@, 9)T, ) ()T, 5 (y)dxdy.
—-1J-1
and

Ok.j = b1y ()12 (5) S12(k), 12 () + S1.(8) 11 () Db (). 12
We now compute the last term

o / 0Ty, (1) (%) T, (1) (y) 0T, (5) (%) Ty ) (9)
Vg = +
I'p

Ty, ) (@) 1,05 (y) Ty, ey (%) Thy () (y) ds

on on

which is more complicated. We write I'p = U;—1 4I"; where the I'; are the 4 parts
of the boundaries starting with T’y = [—1,1] x (—=1) and so on. The integrals on the
boundaries are respectively equal to

1

1 / ’
that is
Y] = =1, () (DO O (1 (5) + L ()?),
then

2 . 3 .
W) = su o) (12()? + 120k)2), 1) = st (1) + L (k)?),

Y = 81,0010 (DD ()2 413 (R)?)

and finally

1 (2 3) 4
Vg = —%E;,j)- + %w) + 71(6,3‘ - 71(63
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The coefficients 3; are computed using the quadrature formulas of section 2. The
approximation of f is
Lz.a

Z Ty (k) (@) Thy ) (y)

and hence
Lz a
B = Z ChSly (k) 11 (5) Sl2 (k) l2(5)
k=1
that is

Ls g [2 5x Lo, d

Z Z o (X1 X551 00,0 5) S0 )

where the weights A; ; and the points (Xl( ),Xéi)) have been defined in section
2. We can use the same methodology for the formulation based on tensor product
approximations of degree N. The size of the approximation space is (N +1)? instead
of Ly 4, two new lists are created to locate the basis functions corresponding to each
coefficients of the approximation and the 3; are computed using Gauss-Tchebychef
product rules.

4.2.3. The tridimensional case. We describe only the approximation of the solution
on the sparse basis which writes

L3,a
Zalel(k) )Ty (1) () Ty () (2)-

The coefficients «;, are solutlons of the L3 4 equations

L3 q
> ok +m5) = B
k=1
with
1 1 1
- / 1 / 1 / 2T @) Th ) ()T (2)dadyd
and
Ok = Du(h)a(G)Sta (k)2 () Sts (k) () F Ol (k)12 (5) St (k)11 (5) St (k) s () +

by (k)15 (7) Sta (k) 11 () Sl () 2 () -

The coefficient 7 ; is now a sum of 6 terms corresponding to each side of the cube
[—1,1]3. We have

1 1 .
T = =1 () St (0t () (— D) ZE TR (15(7)2 415 (k)?),

’Vz(m) 81 (k)1 (5) 513 (k) 13 () (12(7) + T2 (K)?),

3 .
%(m)' = 81, (k), 02 () St (k) 13(7) (11 (1) + 1 (K)?),
4 : .
VI(w) = =81, (k)2 ()51 (k) 13 () (— DT ()2 4 14 (R)?),
%(w) S0, (k). () Stz () 12) (13 ()% + 13 (k)?),
(6)

Vht = =50 (k). () Sta (k)2 () (— 1) ETEOT (15(5)% 4 15(k)?)
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and finally
W)@, B (@), (5 (6
Ve = Vg T Vg ¥ Vg = Ve T Vi T Viege

The coefficients 8; are computed in the same way than in dimension 2.

4.2.4. Eztension to general problems. The extension of the method to problems
in dimension () with Dirichlet homogeneous boundary conditions is easy. The
coefficient 0, ; is a sum of @) terms with first term equal to

Q
bu, (k)01 (5) H Sti (k) L (4)
i=2

the coefficient 7, ; is a sum of 2Q) terms with first 2 terms equal to

Q
— st 0.6y (=120 15(5) 4+ 15 (k)?)
42
and

Q

T T st (2(5) + 12(k)%)

i#£2
and the coeflicients 3; are computed using quadrature formulas in dimension @. In
the case of more general boundary conditions, we also have to compute the terms

/gvds—/ uo@ds.
I'n I'p an

We assume for the sake of simplicity that I'y and I'p are constituted of faces of
the hypercube [—1,1]9. We use the same method than for the computation of the
Bj. We compute approximations g and ug of the functions g and ug on spaces
of size Lg_1,4 and then we integrate exactly the products gv or %%. This last
computation leads to integrate terms of the form

/ 11 Ty(2)T, (2)da

which are computed and stored once and for all.

4.3. Numerical results. We first study equations in dimension 3 with either a
very smooth solution f; or a less smooth solution f5. In the following table, the
solutions are computed at the two reference points and we denote by x(A) the con-
dition number of the matrix A.

d L37d efl(%) €r (0) efz(%) €y (0) H(A)

3] 32 [ 2x107* [1x103]7x1073[3x 1072 16

51 62 [ 8x107° [1x107°[2x1073[2x 1071 58

71 98 [5x100 [2x10°[6x10%][1x103 147
101 165 | 7x1078 [1x1077 [4x107° [ 3 x 10~° 790
15276 | 2x108 [3x10°8[2x10° | 7x107° 1111
30 700 [4x 10719 [5x1079 |1 x107*][6x107° [ 2.8 x 107
601702 [ 7x107° [2x107%| 2x 107 | 2x 107 | 7.1 x 10*?

Until d = 15, the condition number x(A) is relatively small and the approxi-
mate solution is as accurate as the expansion of the exact solution on the same
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approximation basis. When d = 30 and even more when d = 60, x(A) becomes too
large which perturbates the solutions. It is well-known [2] that approximations on
polynomials of high degree have a bad impact on k(A4). In order to diminish x(A),
we change the approximation spaces by using an additional test which keeps only
basis functions of maximal degree of each monomial equal to 10. We denote by
Lls_d the size of this space and we build quadrature formulas and approximations
relative to this space using the least-square method of section 2. As a comparison,
we now study the previous example for d = 15, 30, 60.

d | Lyy| en(3) en(0) | en(s) | en(0) | w(A)
15[ 216 [ 2x10°° [ 3x10° [3x 105 [2x10 7| 409

30 [ 400 [4x 100 [ 5x 107 [2x10 % [ 1x 10 * | 3430
60 | 643 [3x10 2 [Ix10 " [3x10 * |7 x 10 * | 40015

The condition number has really decreased and is now only equal to 40015 when
d = 60. This new criterion allows to take larger values of d without having bad
conditioning problems especially for smooth solutions. Furthermore, the number of
unknowns has also decreased significantly. We now look at tensor product approx-
imations.

N N+ en(3) es, (0) er(3) | en(0) | rK(4)
3 64 1x1077 ] 9x107% [4x1073[4x10"2] 29
5 216 3x1077 [ 3x1077 [3x103[2x1073] 80
7 512 Ix10710[2x107 0 [1x103[1x103] 71
10 1331 [3x107[5x107 ¥ [6x107T[3x107° | 145

No bad conditioning problems occur here as we have only taken values of d < 10.
As noticed in section 2, the accuracy on the smooth solutions is good but the accu-
racy on less smooth solutions is really worse than with the sparse basis. Moreover,
the complexity of this method increases quickly with @ so we no longer use it in the
last two examples in dimension 4 and 5 whose results are described in the following

table.

d L4,d efl(%) €rn (0) €f2(%) €fs (0) K:(A)

3] 8 [1x107%[7x107*[7x1073]5x 102 44
51168 [3x105[1x107°[2x102[1x103 260
71280 [2x107%[1x10°[9x107*[2x%x10"3 666

10] 504 [5x1079[5%x1078[3x1075[4x107° 6007

d L57d efl(%) €f (0) efz(%) €fs (O) “{(A)
31192 [5x10°[5x10%][9x1073[6x1072 126

51 432 [1x107°[4x107%[4x1073[3x 1073 1267
71752 [8x107 7 [5x10%[1x102|5x 103 3273
1011432 [2x 10723 x 1078 [ 2x107* |2 x 10~% | 3.53 x 10°

The approximate solutions are as accurate as the expansion of the exact solutions
on the same approximation basis as we have taken only small values of d here.
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Nevertheless these small values are sufficient to obtain accuracies of 8 or 9 digits
on the smooth solutions and 4 or 5 digits on the less smooth solutions.

The complexity of the method depends mainly of the computation of the coef-
ficients 3; and of the resolution of the linear system which both are a O(L3Q’d) as
we use a direct method to solve this linear system. The CPU time of resolution
for d = 10 in dimension 4 was 10 seconds and 36 seconds for d = 10 in dimension
5 using Matlab on a standard PC. We do not count in this CPU times the time
of construction of the quadratures which we consider as preprocessing. This CPU
times are a lot smaller than the ones of the sequential Monte Carlo algorithm. They
can still be reduced by some more preprocessing for the computation of the matrix
coefficients or by using another method of resolution of the linear system. We could
for example compute the coeflicients 8; writing

[2.5><L21d]
Bj ~ Z pig FXE, X5)
i=1

with

Ls.a

Pig =D NkSL (k). () St (k) s (7)

k=1

and by storing the coefficients f; ;.

5. CONCLUSION

We have studied two different ways to use a sparse polynomial basis for the
numerical approximations of the Poisson equation over hypercubes and compared
it to standard tensor product approximations. Both methods have provided a very
good approximation of the solution whenever it is smooth on problems in dimensions
up to 5. To make the sequential Monte Carlo method more efficient, one has to
develop new tools to make the evaluation of the source term cheaper. The method
based on the variational formulation is a lot more efficient in terms of CPU times
and is also efficient for less smooth solutions. Part of the bad conditioning problems
which happen with this method when the size of the sparse basis increases have
been handled by adding another criterion on the choice of the basis functions. This
method can certainly be still efficient in higher dimensions, maybe up to dimension
10, if the solution is very smooth. Concerning less smooth solutions, one can also
think of using piecewise sparse polynomial approximations in order to diminish
the condition number of the linear system or to adapt the sequential Monte Carlo
domain decomposition method developed in [9] to this kind of approximation basis.
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