REDUCING VARIANCE USING ITERATED CONTROL
VARIATES

SYLVAIN MAIRE

ABsTRACT. In this paper we describe a new variance reduction method for
Monte Carlo integration based on an iterated computation of 2 approxima-
tions using control variates. This computation leads to non linear unbiased
estimates for each of the coefficients of the truncated L2 expansion. We give
estimations of the variance of these estimates without further hypotheses on
the approximation basis. We study especially the convergence of our algorithm
in the case of a polynomial decay of these coefficients. As an application, reg-
ular monodimensional functions will be approximated using a Fourier basis
on periodised functions, Legendre and Tchebychef polynomial .2 approxima-
tions. The order of our method will appear to be almost optimal in this case.
Numerical examples will be given as a comparison with standard Monte Carlo

estimates.

Keywords: Monte Carlo integration, Variance reduction, L? approximations,

High order estimates, Iterative method.

INTRODUCTION

Monte Carlo methods constitute a very interesting alternative to deterministic
methods in the numerical solution of a wide range of problems linked to applied
mathematics. They offer numerous advantages in relation to these methods which
go from very little sensitivity to the dimension and the geometry of the problem
to the easiness of its programming passing by their straightforward parallelisation.
They also allow the numerical computation of the pointwise solution of some partial
differential equations without any kind of discretisation. The main drawback of
these methods is a very slow rate of convergence which cannot give a result with an

accuracy better than two or three digits without a lot of computation. Numerous
1



2 SYLVAIN MAIRE

methods, known as variance reduction methods, try to get rid of this drawback.
We are going to speak here of a new variance reduction method for one of the main
fields where Monte Carlo methods are used: numerical integration.

In the first part, we will describe standard variance reduction methods and es-
pecially the control variates method for Monte Carlo integration. This will show
that these methods are inefficient unless we can find a reasonable approximation for
the integrand. We will then present an iterative method which enables a numerical
L? approximation for any orthonormal approximation basis. It will be based on a
Monte Carlo computation of a correction on this approximation at each step of the
algorithm. We will then study its intrisic properties by giving estimations on the
variance of each of the estimates of the coefficients of the L? approximation.

In the second part, we will study our algorithm especially for monodimensional
regular functions. We will describe the quality of the approximation in the case
of a polynomial decay of the coefficients of the L? approximation. We will first
apply our algorithm to the Fourier expansion on periodised functions for which
such a property holds. Then we will compute approximations using both Legendre
and Tchebychef polynomials which satisfy the same property. We will show that
some of our estimates are not far from being optimal for C* functions in a sense
that their order are O(N %’k”f) compared to the optimal order which is 0(N *%*’“).

Numerical results will be given and compared to standard Monte Carlo integration.

1. A GLOBAL STUDY OF THE ITERATED METHOD

1.1. A few words on variance reduction.

1.1.1. Principle. We wish to compute the integral

I= /D F(@)dz

where D = [0,1]9 with Q € N* and where f € L?(D). To give its Monte Carlo

approximation, we write I = E(f(X)) where X is a @-dimensional random variable
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whose componants are uniform and independent on [0, 1]. I is approximated by

1 N
Iwﬁgﬂ&)

where X; are N independent copies of X. The rate of convergence of this approx-
imation given by the central limit theorem is % where 0% is the variance of the

random variable f(X) that is

ot = [ F@da=([ @

A natural way to increase the rate of convergence of this method is to find a
function f such that [}, f(z)dz = [, f(z)dz and for which 012; < 07 holds. This can
be done by using a wide number of methods, called variance reduction methods,
among which the most important are importance sampling, antithetic variables,
stratification method or the one we shall use in the sequel, control variates. For more
details about these methods, one can check Davis-Rabinowitz [5], Kalos-Whitlock

[9], Krommer-Ueberhuber [10], Lapeyre [11] or Press [15].

1.1.2. Control variates. We describe the control variates method as follows: a func-
tion h is given such that its integral is known exactly, one can then take as a function

with smaller variance f(z) = f(z) — h(z). We can compute I by

I:/D(f(x)—h(m))dm-i—/Dh(a:)dx

where the first integral is computed using Monte Carlo and the second is known
exactly. Control variates appear to be an interesting method but it has nevertheless
some drawbacks. First, variance-reduction has to be big enough to compensate the
additional numerical cost due to the computation of the h(X;). Secondly, the main
drawback is that the function h is generally chosen without using the information
given by the values of the functions f at the X; . We are going to try to make a
better use of this information to built the function h. To do so, we will compute

iteratively the coefficients of a L? approximation of f using only this information.
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This will give us not only a tool for variance-reduction but also a L? approximation
of f. We can notice that this idea is very similar to those used for importance
sampling and stratification methods. One can use these methods to obtain Monte
Carlo methods with increased convergence rate. This is for instance done and
described in Davis-Rabinowitz [5], Haber [6], Lepage [12], Philippe [13] and Press-
Farrar [14]. Atanassov-Dimov [1] in a recent work have built a Monte Carlo method

with an optimal rate of convergence for regular multidimensional functions

1.2. Description of the approximation algorithm. We wish to find an ap-
proximation h of f with the first p terms of an orthonormal basis e, in L?(D). We

have
flz) = Zakek(m) +r(z)
k=1

with ar =< f,ex > and < r,ep >= 0, which give for its approximation
P
h(z) = Zakek(w).
k=1

We will assume furthermore that the e; are bounded on D. The principle of our
g) of the coefficients ay at

(G-1)
k

method is to compute a Monte carlo approximation a
step j of the algorithm with the help of a correction on the residues a —ag at
step 7 — 1 of the l'algorithm. First we will decribe only two steps of our algorithm
and check its performances.

The random variables used for these two steps will be called respectively X; and

Y; and their sizes are N. We compute an approximation ag) of a; with the X; by

and also an approximation f) of f by
S
fV(@) =3 ew(a).
k=1
We consider now the function v(z) = f(z) — f)(z) and we approximate the co-

efficients by =< v,e > by bg) with the Y;, which are independent of the X;. We
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have
b — 1 ¢ £
=N E_ (Yi))er (Y3)

and a new approximation of a; by

o = o) 4D,

Since each of the componants of the expansion of v is close to zero and from the
orthonormality of the e, we can expect under some assumptions on r, p and n
that estimating ay by af) is better than using a crude Monte Carlo approximation
with 2V sample values. Particularly, we can also expect that the more coefficients
we will have to compute, the more we will need sample values to calculate them.
Furthermore, it is also crucial to have an accurate approximation for the variance
to be strongly reduced. So, our method will not be efficient unless we have a good

approximation with only a few terms. We will give in the following, different ways

to obtain such an approximation for monodimensional regular functions.

1.3. Properties of the algorithm. To estimate the performances of our algo-

(2)

rithm, we have to give the expression of a;’ with the different random variables, to

compute its expectation and try to estimate its variance. This will give us what we
can expect from this algorithm without further hypotheses on the approximation

basis.

1.3.1. Computation of the coefficients of the quadratic approximation. We have

p
a)) =Y anja; + R

with

and



6 SYLVAIN MAIRE

Furthermore,
p
v(@) = Y (a; - af)e; (@) + r(z)
7j=1
(1) ¢ (1) (2)
by = Z(aj —a; ' )Br; + Ry,
j=1
with
L X
Bri = > ej(Vi)er(Ys)
i=1
and
X
RY = 53 r(¥ex(Y)
=1
Hence, as agf) (1) + b(l), we obtain
) _ N\ 2
= Z Qi ;0 + Ty
j=1
with
2) £
,(c,j = ag,j+ Prj — Z s, Bk,s
s=1
and

18— B (1 = ) — X ROy + R,
J#k

Two terms occur in the expression of a,(f). The term T,gz) represents the cut-off
linked part in the approximation of ay by ag‘)). The term
~ )
Z k%
=1
represents the estimation of ay, if r(z) = 0. We will call it the iteration term and
the term T,52) the cut-off term. We will first study the properties of the iteration

term.

1.3.2. Study of the iteration term. We will first give its expectation in the following

lemma.

Lemma 1.1. We have E(Q( )) = 0k,; and also E( Q,(f;a]) ay.



REDUCING VARIANCE USING ITERATED CONTROL VARIATES 7

Proof. We already have

E(ak,j) = E(,Bk,j) = Lek($)€j($)d$ = (5]9’1‘.

Then,
E@Q) = E(ax;) + E(Br.;) ZEas,, (B.s)

because of the independence between X; and Y;. This implies that
X P
E@QC)) = 0kj +0hj = Y 05 j0,s

and so that E( 5623) = d,,j- The proof of the second assumption is straightforward.
O

We now have to give an estimation of its variance. We will first give an estimation

of the variance of the Q . in the following theorem.

Theorem 1.2. There is a constant C(p) and a constant K(p) < p?, depending

only on the approzimation basis, such that

var(@f?) < k(n)CE".

If we call furthermore Q(M) the coefficient of a; in the approzimation of ar, by a(M)

at the Mth step of the algorithm, we have

B(QRY) = 8k
and
K D M-1
var@) < EO oy
Proof. See section 3.1 a

1.3.3. Study of the cut-off term. We are now going to study the term T,gM) in the

definition of aECM)

. The nature of this term is quite different from the others. We
cannot describe its behaviour without knowing r(x) precisely. For the moment, we

will give a control on this term depending just on r(z) in the following lemma.
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Lemma 1.3. There are constant v(p)and ~v1(p) such that
Var(T(Q)) < 2(M + iﬁq (p))/ r?(x)dz.
B =SSN TN »
Proof. See section 3.2 a

2. THE MONODIMENSIONAL CASE

We will now give the performances of our algorithm assuming that the coefficients
ay, decrease as % where L and C' are positive constants. This may seem to be a very
restrictive assumption, but it is in fact a quite natural choice for regular functions
in dimension one. We will first use the Fourier basis on periodised functions and
then Legendre and Tchebychef polynomial L? approximations for which such an
assumption holds. We will show that each of these basis has its own interest and
that the relative algorithm is incomparably better than a standard Monte Carlo

method.

2.1. Polynomial decay of the a;. We will now describe, in the following theorem,
the accuracy of our estimates for each of the coefficients of the approximation basis

and for the approximation itself when the a; have a polynomial decay.

Theorem 2.1. Assuming that
(4)
p
—<1
N 7

(it) there are constants C1 and L > 1 such that for every k > 1

(iii)

ﬂmzmwwp/a—ﬁw%u sup /4@%@%%
1<k<pJD 1<j,k<p,j#k J D

Putting

f@) = Y aren(@) + ()
k=1
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where
o0
r(z) = Z arer(x).
k=p+1
Let

Z aMe,

be the approximation of f at the Mth step of the algorithm. We have
B(ay") = ay,

furthermore
Kp)M

D —C®)™)

1
Var(a") < 2u(p) = +m

and also

M-1
B[ (1)~ 1090 de) < 2000(p) g + 1™ g CO™) +

where p(p), p1, p2, K(p) and C(p) are positive constants.
Proof. See section 3.3 a

Remark 2.2. This theorem shows that if

K(p)C(p)

1
N <"

which is always true for N large enough, then we have

lim sup Var(ay, (M )) < 2u(p)——

Mostoo p2L—17
and
ﬁmwﬂ/W@ﬁWWWMS%@ LI S
M—+oc0 D p2L72 p2L71

This also shows that when p increases, it is better to use aiM) to approximate ay,

than using control variates on f — f(M).

2.2. Application to the Fourier expansion on a periodised function.
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2.2.1. The periodisation method. This method enables this kind of decay for Fourier
coeflicients with the help of a change of variables for regular functions on the unit
interval with possible singularities at the boundaries. One can build a lot of quad-
rature formulas using this tool by using different types of changes of variables which
are efficient for both regular or singular functions. For their description, one can
check Davis-Rabinowitz [5], Krommer-Ueberhuber [10], Iri [8], Beckers-Haegmans
[2], Sag-Szekeres [16] or Helluy [7] for their use as a unique quadrature in the numer-
ical solution of the Helmoltz integral equation. We will assume that f is either C'*™
or that f(z) = M2 with 0 < & < 1 or that f(z) = h(z)In(z) with h € C*([0, 1))
and h(0) # 0. We will describe the case f € C*°([0,1]). A lot of changes of
variables are used in practice but we will only describe polynomial ones. We now
consider the polynomial P such that P(0) = 0,P(1) = 1 and P®(0) = P (1) =0
if1<i<L.

!

One can easily see that P is increasing, that the function g(t) = f(P(¢))P (t) is

/0 (bt = / ' ftya

and that ¢?(0) = ¢ (1) = 0if 0 < i < L. We can now check by integrating by

such that

parts that the Fourier coefficients are decreasing like kC—Ll Our algorithm can be

used on the function g in this case.

2.2.2. Convergence of the algorithm. Our main task is to study how the constants
which are used in the theorem (1.4) depend on p. We choose the functions in
the approximation basis to be v/2cos(2knrz), v/2sin(2k7z) for 1 < k < ¢ and the
function identically equal to 1 which we will call e,(z). We have p = 2¢+1 terms in
our approximation basis and it is obvious that u(p) does not depend on p because
the basis functions are uniformly bounded. We will show furthermore in section 3.4

that C(p) is equal to 1 and that K(p) = O(p).
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2.2.3. Computation of the order of the method. The estimate of the variance aiM)
is given by
1 K(p)M-1
Var(a™) < 2ulp) 7 + i e —Cl)™)

From what we have just seen, we have

1 Ap M-1
Var(a,(gM)) < 2(up2L_1 +,u1( ]\;M ).

If we now choose N = 2Ap, we get

M 1 1
Var(a,") < 2(usmp— +m(3)™)

with @ = M N sample values. The optimal choice for M and N is achieved when

1 1
N2L—-1 ﬂ(i)M

where [ is a positive constant, which gives asymptotically

log(NV)

M= G- 1)g@)

Hence, we get using @ = N log(NN) sample values the estimate

1

VG/T'(GSEM)) S C]_W

This shows that using N sample values, we have Ve > 0

1

M
Var(a(™) < Crqmrmize

and so that the order of our method is Ve > 0

1
NLféfs

Remark 2.3. We can compare this result to the optimal order we can obtain by

Monte Carlo method for a L times differentiable function which is

1
NT+3
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and which can be achieved using various methods and in particular in Atanassov-
Dimov [1]. This shows that our method is not quite optimal, but it gives in addition

an approximation of the function with few terms.

2.2.4. Numerical results. We are now going to give numerical results for different
functions using a polynomial of degree deg(p) in the change of variable and where
the coefficients of the approximation basis will be computed with M steps and N
sample values by step for a total number of sample values equal to Ny = NM. We
will compare the exact value of the integral I(f) = fol f(z)dz and its approximation

given by I(f) =< 1,g™) > at the end of the M steps. This will be done for the

functions fi(z) = exp(z), f2(z) = In(z) and f3(z) = ﬁ on [0,1].

deg(p) | N | M| N, | q | |10 =T | [100) = T)| | [100) = T(s0)
21 50 |10 | 500 | 5 |11 1.6 1074 3.810~* 4107°
21 50 | 20 | 1000 | 10 | 21 2.910°6 7.6 1076 1.4107°
21 100 | 20 | 2000 | 15 | 31 8.010°7 221077 6.0 108
37 100 | 30 | 3000 | 15 | 31 6.2107° 7.4 10710 6.4 107°

We obtain a very good accuracy compared to a standard Monte Carlo method.
We can see that for example, we obtain an accuracy of 9 digits with only 3000
evaluations of the functions g;. This would require 10'® evaluations for the standard
method. Of course, we have to evaluate other functions to obtain such a good result,
but the number of these evaluations for the previous examples is about 10° which
is clearly smaller than 10'® . The algorithm always converges when N is greater

than 2p.

2.3. Application to the Legendre polynomial approximation basis. An
even more natural basis to approximate regular functions is the Legendre poly-
nomial basis. The polynomial decay of the coefficients of the approximation is
achieved with no need of periodisation. We will prove this on [—1,1] using classi-

cal results on these polynomials. Most of the results achieved in this part and in
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the following part concerning Tchebychef polynomials can be found in Bernardi-
Maday [3]. One can also find some more results and applications on this subject in

Canuto-Hussaini [4].

2.3.1. Basic properties of Legendre polynomials. The Legendre polynomials L,, are
the orthogonal polynomials on [—1, 1] with respect to the inner product < P,Q >=
f_ll P(z)Q(z)dz such that Lo(z) =1 and L,(1) = 1. Their norms are given by

[N

1
</ I2(x)dz)s = (— )t

1
1 ’I'L+2

and they verify the differential equation

(@=L +nn+ )L =0,

which will be the main tool used to study the quality of the approximation on the

Legendre polynomial

2.3.2. Quality of the approzimation. We define by Py ([—1,1]) the linear space of
polynomials with maximal degree N. The projection 7T£N) (f) on this space is given

by

N
™M (f) =" anln
n=0
where «,, are equal to
1 /1
— f(x)L,(x)dx.
IZallZe S ™"

We will from now on assume that f belongs to C?™([—1,1]). The speed of decay

of the a,, is then given by the following theorem.

Theorem 2.4. There is a constant Cy depending only on f such that

C1

Proof. See section 3.5 |
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We deduce immediately the following corollary in which we compute the rate of
decay of the coefficients a, from the expansion of f this time on the orthonormal

polynomials E;

Corollary 2.5. There is a constant Cy, depending only on f , such that

Cy

The same kind of result will be valid on [0, 1]. We can now use the results from

theorem (2.1) with the Legendre polynomial basis.

2.3.3. Numerical implementation of the method. The situation concerning the con-
stants 7(p), u(p) but mainly C(p) and K (p) does not seem to be as favorable as
with the use of the Fourier basis. We can nevertheless say that K(p) < ”2—2. Indeed,
Legendre polynomials on [—1, 1] are alternately even and odd which shows that half

of the integrals

/1 ei(ac)es(:c)es1 (z)dz

—1

are equal to zero. The result is also true on D because of the symmetry in relation
to % The integrals in which one of the functions has a degree higher than the sum
of the other three degrees are also equal to zero, but they are on the other hand
very few. Hence, we do not have K (p) = O(p) here. The situation is even worse
for C(p). For relatively small values of p, C(p) is admittedly lower than 2, but it
grows quickly when p increases. This leads to two remarks. First the number of
sample values used at each step of the algorithm will have to be greater to ensure its
convergence. Secondly, we could not expect to give an order of our method except

maybe in using a piecewise approximation, because of the lack of control on C(p).

2.3.4. Numerical results. We can only use the exponential function in the compar-
ison with the previous results because the other two functions were not regular and
the function ﬁ did not even belong to L?(D). We will however test our algorithm
on power functions which offer various degrees of regularity. This will be done by

computing the p coefficients of the approximation basis at the Mth step and using
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N sample values by step for a number Ny = NM of sample values. We will com-
pare the exact value I(f fo x)dx and its approximation given by I ( f), for the

functions f;(z) = exp(x), fa(z) = 22, f3(z) =2 on [0, 1].

N M| N | e | 1) = T00| | 1) - T | [10s) - T(ss)
10 | 40 | 400 | 2 5.0 10~° 3.0 104 5.41074
15|40 | 600 | 3 1.410°° 1.5107° 1.21074
20|40 | 800 | 5 70108 24106 1.310°°
40 | 40 | 1600 | 7 1.110°10 1.610°7 3.110°6
50 | 40 | 2000 | 10 3.6 10714 1.4 1078 1.4 10

We have obtained a much better approximation for the exponential function
than with the Fourier basis. This can be explained by the artificial increase of the
constants appearing in the decay of the coefficients due to the periodisation method.
We can also notice that the accuracy decreases with the degree of regularity of the
functions which was predictable. The only drawback of this new approach is the
increase of the number of sample values at each step of the algorithm. For example,
the algorithm failed to converge if N was lower than 3p for even relatively small

values of p.

2.4. Application to the Tchebychef polynomial approximation basis. Both
of the two previous methods have given very satisfying results and each of them
possesses interesting properties. The algorithm based on the Fourier basis needs
less sample values to converge because C(p) is bounded by 1 and K(p) = O(p).
The algorithm based on the Legendre polynomials offers a better approximation for
regular functions because it avoids the bad effects of periodisation. Because of their
trigonometric expressions, we can expect that Tchebychef polynomials reconcile

these properties. This will be confirmed in the following.

2.4.1. Basic properties of Tchebychef polynomials. Tchebychef polynomials are the
orthogonal polynomials on [—1,1] with respect to the inner product < P,Q >=

I A E)Q(z)d:c Their expressions are given by T,,(x) = cos(n arccos(z)). This can
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be easily checked by induction because
1 ™
Tn(2) T
/ Md&: = / cos(nf) cos(m@)de.
—1 A/ (]. - .'L'2) 0
It also shows that ||T0||i2 = 7 and ||Tn||2L2 = Z if n > 1. They also verify the

following differential equation

FVT=T @)+ 20 o

2.4.2. Quality of the approzimation. We define by Py ([—1,1]) the linear space of
polynomials with maximal degree N. The projection wéN) (f) on this space is given

by N
() =" BaLn
n=0

where (3, are equal to

dx.

1 / ' f(@)Ta(2)

ITallzz /-1 V1—a?

We still assume that f belongs to C?™([—1,1]). The speed of decay of the 3, is
then given by the following theorem whose proof relies on the previous differential

equation.

Theorem 2.6. There is a constant Cy depending only on f such that

G

We deduce immediately the following corollary in which we compute the rate of
decay of the coefficients a,, from the expansion of f on the orthonormal polynomials

T,.

Corollary 2.7. There is a constant Cs, depending only on f , such that
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2.4.3. Implementation of the method. We now approximate f on D = [—1,1]. We

could attempt to compute

—_— 1 T

by Monte Carlo in writing

2f(V)T(Y)

< f,Tn, >= E( iove

)

where Y is uniform on [—1,1]. This is not a judicious choice because the random

variable

2T
V1-Y?2

usually has an infinite variance because of the divergence of the integral

B = [T,

2
1 1-z

To get rid of this drawback, we will compute < f,T, >= E(rf(V)T,(V)) where

the density of V is
1

iz )

The variance of the random variable W = 7 f(V)T,(V') is now finite because

oy _ [ 7 @) T2 )

We now take the approximation algorithm of paragraph (1.2) using random
drawings with the same law as V. The only modifications are the definitions of

i, Bij, RS) and Rgf) which are obtained by

N
™
Qhj = 3 D ei(Xier(Xs),
i=1

N
Br.j = % D ei(Ver(Yi),
=1



18 SYLVAIN MAIRE

R = = Zr(Xi)ek(X,-)

2

and
(2 _ T ol
== Y; Y;).
B = 53 e

It is easy to see that the results from lemma (1.1) and from theorem (1.2) are still

valid and that we can obtain Ay i, By, and Cy by

N 1 2 2
A =B - LY do = [ T2,

1 7T\/].—IL'2

1 (] _ g2 .
Buu = ap| [ (@)
s#£k |J -1 v1— x?
1 2
mer (z)es(x)es, (x)
Ejr = su / k Ll dx| .
ok s,slgk —1 vV 1—22

By replacing the ej by their expressions, we get

1 ™
Apr = —/ (1 — 2cos®(kz))?dz,
0

™

2 ™
By = ;/ (1 — 2cos?(kx)) cos(kz) cos(sx)dz,
0

2 K

Epp= —/ cos? (kx) cos(sz) cos(sz)dz,
T Jo

if we do not take into account 1’:/0. One can now check using the same kind of

computation as for the Fourier basis that K(p) = O(p) and that C(p) is equal to

1. The crucial point is that the last integral is a product of only cosine functions.

One can also check that u(p) is independent of p. This shows furthermore that the

order of our method is
1

NL—%—E

Ve > 0, if f is L times continuously differentiable, for the computation of

b f@)
/_1 Wiprsi _xzda:.
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2.4.4. Numerical results. The approximation of f by f(M) is
T

f(M)

(M)

where a;’ is an approximation of

<f,Tk >= / fm)d.’ﬂ

This is a quite satisfying approximation but it does not give us a direct approxi-

= /_11 f(z)dx

There are two ways two obtain such an approximation. One can compute

Z ol /

or one can use control variates with f™) as an approximation for f. We are

mation of

(z)da,

going to take once more the numerical examples we have already studied using
Legendre polynomials, using the first process, after having linearly transformed

these integrals. For example, the computation of

/01 exp(z)dz

1 o+l
/ L(p( 2 )dm.
1 2

will be compared to

We give our results in the following table, for each of the transformations of the

functions fi(z) = exp(z), f2(z) = z2, f3(z) = x2, keeping the same notations as

for Legendre polynomials.

N | M| N | g0 - T | 1) T | [15) — T(56)
6 (30| 180 | 3 1.1107* 6.6 1074 531074
10 | 40 | 400 | 5 9.0 1078 3.6 1075 6.2 10~°
20 | 50 | 1000 | 10 2.0 1071 4.0 107° 1.5 10
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For a given value of p, we get almost the same accuracy as with the use of
Legendre polynomials, but this accuracy is obtained with twice fewer sample values.
We can nevertheless notice that these results appear to be slightly less accurate than
previous results. This can certainly be explained by the fact that errors on the a(M)

can accumulate in the approximation of I(f) by

E a(M) (z)dz,

while this integral was directly given by one of these coefficients in the previous

examples.

CONCLUSION

We have developed and studied in this paper a global tool for variance reduction
in Monte Carlo integration. We have obtained Monte Carlo estimates with in-
creased convergence rate for monodimensional integrals of regular functions using
only sample values. These estimates are not quite optimal but our algorithm gives
us in addition an accurate L? approximation with only few terms. We will show in a
forthcoming paper how to extend this algorithm to multidimensional integration in
trying to attenuate the dimensional effect by making a good choice of the elements

in the approximation basis.

3. APPENDICE

3.1. Proof of theorem 1.2. Assuming j = k, we have

Var(QP)) = E(QL) — 12) = E((Bek — V(1 — arg) — Y s iBrs)?)-
s#k

The term under expectation in the last expression is worth

(1 — ar)?(Bre — 1)? = Zzas,k(l — ki) Br,s (Brp — 1)+
s#k

Z as,kasl,kﬁk,sﬂk,sl .

s,817k
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Each of the p? terms in this sum can be written
1 & 1 & 1 & 1 &
(¥ ; hi(X3)) (7 ; ha (X3)) (7 ; hs(Ya) (5 ; ha(Yi))

with E(h;(X;)) = 0 for each of the functions h;. Its expectation is

N 1 N

(53 2 Bl (X)ha(X2)) (575 D B(hs(Yi)ha(¥2)

i=1 i=1

and because X; and Y; have the same distribution

1

w2 B (X1)he(X1)) E(hs (X1)ha(X1)).

If we look for instance at (1 — a,k)*(Br,k — 1)%, we have

7 [ =@y [ a-dwra.

D

At last
p
Var(Qi,k) DIQi: k>

where Dy = max(Ak,k, Bk, Ek,k) with

A = /D (1 - € (2))%de,

Bus=sup| [ (1= éh(@)er(zes(@)da
s#k |JD

Eox = sup / &2(2)es(@)es (¢)dz| .
s,s1#k |J D

Assuming now k # j, we have

VarQP) = BQ,?) = E((anj(1 = Bip) + 1= ajj)Bri— > @sibrs))

s#k,j

Using the same argument for each of the Var(Qg;), there are constants Dy, ; very

similar to the Dy, such that

2
p
Var(Qg-?l) < WD’%’J"
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If we now let

C(p) = Sup Djaj17
21

we have

2
Var(Q$)) < 15C)*.
We can do better than the latter by noticing that when one integrates a product of
four terms of an orthonormal basis the result is likely to be zero. This is especially
true for functions with disjoint domains, trigonometric functions and also for certain
kinds of orthogonal polynomials. We will now define K (p) as the maximum number

of non zero valued integrals which appear in the definition of each of the Dy, ;. Hence

we have

K(p)

Vm'(Q(z) ) < NI

2
4.1 C(p)

and we will now show by induction on M that

EQ"M)) =6,

jajl

and also that

var@) < KO oy,

The property is true for M equal to two. We now suppose it is true for M. We
consider uniform independent random variables W; independent of all previous

random variables and we define
1 XN
i = N ;ej(Wi)ek(Wi)
=
which are used to define

14
M M M
§m+1) = ch,,-) + Vg — Z Qi,j MYy

s=1

We have

EQM™) = B@Q{) + E(v) = 3. E@QYD)E(.s),

s=1
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by induction

p
E(QL ™) = ki + 0k — D 0s,0k,s

s=1
and also
B(Q4 ™) = 6.

We now have to study the variance of the Q(M+1) We will first look at Q(M+1).

The term under expectation in
M+1 M+1
Var@Q ™) = B(Q ™ — 1))
is worth, as one can easily check

1-Qu )) (Vi —1)° —QZQ(M)l— e ))%s(’mk—l)+
s#k

Z Q(M)Q,(gl,k'yk sVk,s1-

8,817k
There are at most K(p) terms with non-zero expectation in this sum. From the

induction step, we have

B((1 - Q) < KO o,

From the Cauchy-Schwartz inequality we have,

K M-—1
(B (- Q| < B oy
and also
K M-—1
B < FO o)
Furthermore
E(ykr —1)° %,
1t e~ )] < S8
C(p)

|E('7k,5'7k,81)| < N
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We have finally

K(p)M—! C K(p)M
0 oy C® = By

Var(@Q) < K(p)

The reasoning is analogous for estimating the variance of the other terms.

3.2. Proof of lemma 1.3.

T = RO Bip) = 3B Beg + B = 3RV 2+ R,
J#k J

where Zp, =1 — By and Z; = —fy,; if j # k. Hence, we have

Var(TY) < 2(B(RP)?) + E(Y_ RV 7))?)

J

and since
E(( ,(f) N/ i (x)r?(z)dr,
we have
B < P [ s
with

v(p) = sup supej().
1<k<pzeD

We also have from the independence between Z; and Rg-l)

E(Y RV z)?) =B RV 7R 2;) =Y E(RVRV)E(Z;2;,).

Jrj1 Jhi1

From the Cauchy-Schwartz inequality,
‘E(Rg-l)R(l) | < E‘R I)R(l)‘ <( R(l)) VE ((Rﬁ))Q))%
with gives from the latter

\E(R;.”Rgp)\ < WT(I’) / r2(z)dz.

D
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We also have from Cauchy-Schwartz inequality

[N

|E(Z; Z;,)| < E|Z;Z;| < (E((Z;)*)E((Z;,)?))>.

Since
1
B(@L) = [ Gl @
D
and

B(1 - fea) = [ (1= ch(@)’ds,

D

it is easy to see that putting

7(p) = max( sup /D(l —e%(x))2dm,sup/Dei(x)e?(x)dx),

1<k<p 7k

we have

If we now let v1(p) = 7(p)y(p), we have

and finally

25

3.3. Proof of theorem 2.1. To prove this theorem we have to study the expec-

tation and the variance of each of the terms in the definition of aECM) by

p
M M M
a™ =3 QM a; + T,
=1

We begin by T,SM). We already have E(T,gz)) = 0 and also
/Drz(w)dx = 2 @< ), pr Sk
k=p+1 k=p+1

From lemma (1.4) we have

() v(p) | P 1
Var(T),”) < 2#2(7 + m’Yl(P))W
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and since £ <1

1
2
VC““(Tig )) < N(P)]ﬁ
where u(p) = 2u2v(p) + 71 (p) is a positive constant.
We will know check by induction that this stays true at each of the M steps of

the algorithm. We have

T Z T D )~ T e, 4 RO = ST N7, 4 R
J#k J

putting

N
1
Pri = 37 > ei(Wi)er(Ws),
=1

where the W; are iid and independent of all random variables previously used, where

1 N

B = 5 3o r(Woer(W:)
i=1

and where Zi = 1 — pgx and Z; = —py; if j # k. Hence E(T\™) = 0 and

Var(Ti™) < 2B(R{M™)?) + B 1MV Z;)?)),

hence, as we assume

1

VC"’(TISMA)) < M(P)F,

using the same arguments than for the estimation of Var(T,gm),

(M) v(p) (p), 1
Var(T,™’) < 2(N2T +M(P)T)p2,;,1-
We only have to check that
7(p) 7(p)
At s Py <
2(u2 7 + pp)—7") < plp)
to have
Var(T™)) < 1
Cl’f'( k ) (p) p2L—1
This is obviously true since LA’,’) < 1 and 2p2% < qu)_
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We shall now study the iteration term

Z ,(glf)a]

j=1
Since E(ng‘fl)) = 0 j,, we have
~ (M)
Z Qk,] aJ
and
(M) - 0 a; — a)?
Var(z Sw aj) Z j—ak))
j=1 j=1

For the sake of simplicity we will write from now on Q,(c, » instead of Q(M)

Using the assumption (ii), we have

p p
1

M M
ZQ/‘W’% <GP o5z

expanding this expression,

B e <ci Y - T
i=1 1<iix<p '
from the Cauchy-Schwartz inequality
P 2E Q(M) 3
M R BRI
B(Q Qe <Ct Y G
j=1 1<i,i1<p 1
and from theorem (1.2)
4 M-1
M K(P) 1
ZQSﬂd) )" < Ci——Cw" Y. = T
1<i,ir<p L

Since L > 1, we have

27

1.
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where

From what we have just seen
M NP M z
( ) ZQ( )a +T( ) Z (M)a] +ET(M))_ak
j=1
and using the inequality
P
Var(a (B QMa; — ar)? + BTM™)?),
7j=1

1 K(p)M—!

Var(@) < 2(u(p) 7= + =7 C)™).

We can also check the quadratic error between f and its approximation f(™). We

have

B([ (f@) = 1 @) B (s~ + | s <

=1
ZVar (M) /rQ(x)da:,
D

which shows that

B[ (50) = £ @) de) < 2p(u) i + i D C)) + o

3.4. Computation of K (p) and C(p) for the Fourier basis. We will proove that
C(p) is equal to 1 and that K(p) = O(p) by looking precisely at the contribution
of le)c in the definition of K(p) and C(p). We begin by the terms of the form

/ ei (z)es(x)es, (z)dx
D

which have the main contribution in the definition of these constants. We will

first consider the case when only cosine functions appear in these terms. Their
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expressions are given by
1
4/ cos?(2kmz) cos(2smx) cos(2s1mx)dx
0
with k, s and s; between 1 and ¢ and s, s; # k. Linearizing, we obtain

/0 cos(2m(s — s1)x) + cos(2m(s + s1)x) + %(cos(27r(—2k —s+s1)x)+

cos(2m(2k — s + s1)x) + cos(2m(—2k + s + s1)x) + cos(2w(2k + s + s1)x)dz
that is, because s + s; > 0 and 2k + s + s1 > 0,

/0 cos(2n(s — s1)x) + %(COS(2’/T(—2]€ — s+ s1)x)+

cos(2m(2k — s + s1)x) + cos(2n(—2k + s + s1)z))dz.

The value of this expression is 1 if s = s1, because in this case,

/1 cos(2m(s — s1)z)dr =1
0

and the other integrals are zero valued. If now s # s1, it is easy to check that for
given values of s and s, one and only one of the last three integrals is likely to
be non zero valued and its value is then <. Furthermore, we can check that for a
given value of s, there are at most two values of s; which lead to non zero valued
integrals. As a conclusion, there are at most 3(¢ — 1) non zero valued integrals of
the form

1
4/ cos? (2kmz) cos(2smx) cos(2s,mx)dx
0

and

1
‘4/ cos? (2kmx) cos(2smx) cos(2symx)dr| < 1
0

when 1 < 5,51 # k < q. Using the same kind of computations on

1
4/ cos?(2kmz) cos(2sm) sin(2s, wx)dz,
0

1
4/ cos? (2kmx) sin(2smx) cos(2s, wx)dz,
0
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1
4/ cos? (2kmx) sin(2s7x) sin(2s; 7x)de,
0

we can notice that

1
4/ cos? (2knx) cos(2smx) sin(2s wx)dxr| < 1,
0

1
4/ cos?(2kmz) sin(2smz) cos(2s1mx)dz| < 1,
0

1
4/ cos?(2knx) sin(2s7x) sin(2s,7x)dz| < 1.
0

and furthermore that there are at most 12(¢ — 1) non zero valued integrals among

the (p — 2)? integrals of the form

/ ' ¢ @)es @)en (2)da
0

where 1 < 5,51 # k < p— 1. We now only have to study the terms of the

previous form in which the function e,(z) is involved. They can be written, letting

es, () = ep(w),

1
2\/5/ cos? (2kmz) cos(2smz)dz,
0

or

1
2\/5/ cos?(2kmz) sin(2smz)dz,
0

if es(x) # ep(x) and
1
2/ cos?(2knz)dr = 1
0

otherwise. As
) 1 1
cos®(2kmx) cos(2smz) = 3 cos(2smx) + Z(cos(2(s + 2k)mx) + cos(2(s — 2k)wx)),
all the integrals of the form

1
2\/5/ cos? (2kmz) cos(2sme)dx
0
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are equal to zero except when s = 2k. There value is then ‘/75 We have the same

kind of results for the term
1
2\/5/ cos?(2kmz) sin(2smz)dz.
0
We have proved that there are at most O(p) non zero valued integrals of the form

/D er(z)es(z)es, (z)dz

and that their absolute value is bounded by 1. We only have to study integrals of

the form
/0 (1 = &())ex(@)es (z)dz
and

/ (1 - e2@)de
0

which are anyway at most O(p). Noticing that
1— (vV2cos(2rkz))? = —2sin®(2nkz), 1 — (V2sin(2rkz))? = —2 cos®(2nkz),

we can easily see, using previous computations, that their absolute value is bounded
by 1. This shows that the contribution Q,(ﬁ,)c in the definition of K(p) and C(p) are
as expected. We will obtain the same result on the contribution of Q,(f’g that is, as

a conclusion, K (p) < Ap and C(p) = 1.

3.5. Proof of theorem 2.4. From the differential equation satisfied by the L,,,
we have

1 1

ARG / —f<w)%<<1—w2>L;<x))dm.
nllr2 1

1
n = ﬁ | @)@
n L2 -

Integrating by parts, we get

| —1@ 5 =)L @)de = [ f @)1 - ) L@+

-1

/ | f @)1 - o)LL (@)da,

-1
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integrating by parts once more we have

1 d ,

| 1@z =L e = [ 2 @0 =)L)

-1

Hence we obtain

1 1 !
= ) | AL,

letting

(AN)@) =~ (7 @)1 ~a2)).

By induction we have

a":nLan <n(ni1)>m/ (A™f) (@) Ln())dz.
nllr2 1

Furthermore from the Cauchy-Schwartz inequality

1
|Ln|l72 (n(n +1))

lan| < o AT Fllpz [ Lnll 2

which gives because of the regularity of f

o] < —1 G
[Enlls (n(n + D)7

where (' is a positive constant. We obtain for n > 1,

n+ %
|an| S Cl ’I’L2m
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