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Abstract - We describe a sequential Monte Carlo version of is the discretization error in the simulation of the Brownian
the domain decomposition method for the Poisson equation. motion B;. This discretization error i©)(At) of the dis-
Numerical examples are studied in dimension one and two cretization stepAt¢ of the Euler scheme if using a refined
using piecewise polynomial interpolations for the approxima- approach based on a Brownian bridge [GOB 00][GOB 01].
tiolns in each subdoma(ijn and or;]the interface. Th;e poir;twise The walk on spheres method [SAB 91][HWA 03] can also
solutions are computed using the Feynman-Kac formula. A . .
geometric reduction of the variance and of the bias of the sim- be used. .Its accuracy depends on the f’;\bsorptlon 'aYer thick-
ulations up to a threshold is observed simultaneously in the N€SSE Which can be taken very small without increasing too
subdomains and on the interface. much the CPU times. The second kind of error is the stan-

dard Monte Carlo error usingy/ simulations that i /v/M
Keywords— Domain decomposition, sequential Monte Carlo, wheres? is the variance 0@7(3"’” )+fTD f(B"”)ds. Using
Poisson equation, variance reduction, Feynman-Kac formula. the approximate valua§(x~) cT)?the Soolutionsat the points

3
x; , a global and regular approximatiar , () of the so-
. INTRODUCTION lution is built on the boundary, ». This can be achieved
for example by a simple polynomial interpolation. This

Our goal is to introduce and study a new domain decomp%‘pproximationu% ,(z) is then taken as the new boundary
sition Monte Carlo algorithm to solve the Poisson equatiopydition onl’; for each of the two new problems dy
in a domainD with Dirichlet boundary conditions. We andD,. Then one can now solve the equation

only focus in this paper on a decomposition in two sub-

domains. The standard way [PEI 03] to combine a deter-

ministic method and the Monte Carlo method for domain —}Au =f

decomposition is the following. The domain is divided 2

into two subdomain®; and D, separated by an artificial

boundanf; ». One first computes a Monte Carlo approxi-on the domaing), and D, using a deterministic method

mation of the solution of the partial differential equation like for instance finite differences or finite elements. The
problem of this approach is that the error on the interface

I'1 2 is usually large except if using a lot of trajectories with
—lAu =f a small stepsize in the discretization scheme. It has been
2 observed in [PEI 03] that, except in very complex situa-
tions, the numerical cost of an accurate approximation on

in D, with Dirichlet boundary conditions I'1 2 is too large compared to a global resolution by means
of a deterministic method. In order to compete with stan-
u=9g dard deterministic methods, we introduce a more sophisti-

cated Monte Carlo algorithm. We first make the description
of this algorithm in Section Il in quite general situations.
Then we study numerical examples in dimension one and
two to check the efficiency of our method. We finally make

D some conclusions and prospects.
(@) = Ea(g(Bry) + [ f(By)ds) prosp

ondD, at some points; of I'y » using the Feynman-Kac
formula [FRI 76] [FRE 85][LAP 98]

II. DESCRIPTION OF THE ALGORITHM
where B, is a d-dimensional Brownian motion starting
from 2. The Monte Carlo computation of this pointwise so-\We have introduced in [GOB 04][GOB 05] a sequential
lution leads to two kinds of numerical errors. The first ondlonte Carlo method based on control variates (see also



[MAI 03]) which computes a global spectral approxima-with the boundary conditions

tion of the solutionu. This method reduces drastically at

a geometric speed of convergence both the Monte Carlo y%,z =g—u' ondD

and the discretization error. Nevertheless spectral approx- ) o )
imations are less adapted to less smooth solutions and @#d letyi ,(x) be the relative approximation of this cor-
complexity of our algorithm increases with the degree oféction using the mterpqlauon process. The next step is to
the spectral approximation. Piecewise approximations c&@!ve on each subdomain the equations

be more efficient in various situations. Adapting our pre-

vious method to piecewise approximations in fact leads to 1 1

a new domain decomposition method. The algorithm pro- —§Av} = —§A(u —ul)=f+ §Au}
vides a better approximation on the interfdce, and in

the subdomains as well.

For sake of clarity, we describe our algorithm in the cas@ith the boundary conditions

D =] —1,1[x D" whereD' is a bounded domain ift¢~1. L

The subdomains a®; =|—1,0[x D’ andD, =|0, 1[x D’, Vi = Y12
the interface isl'y o = {0} x D’. The first step is the .

same than with the stan%;rd Monte Carlo metho%. At sonf! the interfacd’, » and

points of the interface we evaluateusing M simulated ol = 0 —ul

Feynman-Kac functionals; then a global solutieh, (x) oI

on the interface is obtained through a Tchebychef polysy, the other boundaries db;. The new approximation

nomial interpolation (in dimensiod — 1). Once this ap- w2 (z) is the regularization of the function
proximation has been obtained, we then compute approxi-

mationsui () andu}(z) on respectivelyD; and Dy (with u(z) + v ()

u})z as a new boundary condition @ ). Actually, point-

wise Monte Carlo approximations are computed in eachy means of the previous process. One iterates the algo-
subdomain at Tchebychef grids, from which we deriveithm until convergence.

two approximationsui(z) and ul(z) of the solution on

Tchebychef interpolation polynomials in dimensi@n

As the global solution, should be regular, the approxi- I1l. THE ONE DIMENSIONAL CASE

mations onD; and D, must satisfy some interface con-

ditons. The deterministic Schur complement method this section, we describe the application of our algorithm
[FAR 94][LET 94] gives a global solution which is continu- for the Poisson equation on the domadn=| — 1, 1] di-

ous and has continuous normal derivatives at the boundafified in the subdomain®, =] —1,0[ and D, =[0,1[.
I';1,. The approximations! (z) andu}(xz) do not verify e pointwise solutions are computed by means of an inte-
these crucial conditions. To ensure these conditions, val representation which avoids discretization errors. The
transform these approximations on each subdomain thar&BProximations are done using piecewise Tchebychef in-
to the errorh(z) = ul(z) — ud(z) onTy 5. The new ap- terpqla‘uon polynomials. Finally, a numerical example is
proximations become respectively én andD, studied.

A. Integral representation
9@, W) ]2, =0 + 7(2) ]2, =0

ui () 5 , The solution of the Poisson equation
21)0g, h(2) |3, =0 + h(x)]z,= 1
Ué(l’)‘i’g( 1) ( )| 2 0 ( )‘ 07 —§u”(x):f(x)’x€]a’b[

where the functiory verifies g(0) = 0 andg’(0) = 1.  with boundary conditions

Different functions will be tested in the numerical experi-

ments. We define' by u! on D, andu} on D,. This ends u(a) = ¢, u(b) =d
the initialization of the algorithm.

At some points of the interfadeg, », we then compute the
correction, which is solution of the new Poisson equation u(x)

is

= ¢P,(B;, =a)+d(1-P,(B;, =a))

1 1 1 . i
Aty =-ta@ouwy=so fauw D +B([ 7 1(B)ds).



As

b—ux
b—a’

Py(B;, =a) =

using the Tchebychef abscissae

2k +1m

T = Cos(mg), k= O7 1..N.

the contribution of the boundary conditions to the solution

can be easily simulated. The contribution to the sourcg we assume for example thate €27 ([—1

term writes

/fds(

whereY,, is a random variable with density

z)(z — a)B(f(Yz))

2 (rfal +bfr
b—a'z—a """ p_g

lo<r<p)-

To simulateY,, we first define the Bernoulli variablg,,
such that

Then, we define the random variablds and B, which
have for density respectively

2(r—a)1 2(b—r)1
(I — CL)Q a<r<z, (b — I)Q z<r<b-

They can be simulated for example pnb[=] — 1, 1] re-
spectively by—1 + (z + 1)v/U and1 + (z — 1)v/U where
U is uniformly distributed on [0,1]. We finally set

Y.=010-2,)A; + Z.B,.
B. Tchebychef interpolation on an interval

Tchebychef polynomiald’,(z) = cos(narccos(z)) are
the orthogonal polynomials op-1, 1] with respect to the

1 P(2)Q(z)

inner produckc P, Q >= f %dr The interpola-

tion polynomial Py (u) of a functionu on an intervala, b|
writes

ol 20 —a—b
T) =Y aka(ﬁ)
k=0

where

N
a+b
Qg = u i )Tk(l'l)
e Z 2

i=

,1]), the co-
efficientsay, decrease very quickly a% [BER 97]. We
also need to compute the first and the second derivative of
Py (u) for respectively the regularisation at= 0 and the
new source terms on each subdomain. We have [CAN 88]

(Px(u)) () =

with
N
4
’)/k = (b _ Cl) Z p ap
p=k+1,p+k odd
and
N-2
235 —a—2>b
(Pn BTy 7)
k=0
with
4 N
_ 2 2
=5 o b0 K)oy
p=k+2,p+k even
C. Numerical results
We study the Poisson equation
1
—Eu”(az) = _exp2(x)7 zel—1,1]
with boundary conditions
1
u(_l) = - u(l) = e

so that the solution of this equatiomiéz) = exp(z). The
interpolation points are denoted by )o<k<n On] — 1, 0]
and(z)o<k<n 0nJ0, 1[. We denote by

e(j) =

—
max( max |u(yk) = (ye)l;

_ad
Jmax_fu(z) = ()



the error in sup-norm as a function of the numbeof tion [GOB 04]. We have for example obtained an accuracy
steps and of the numbéd of sample values to compute of 6 x 10~'° with N = 10 in 0.9 seconds. This is com-
the pointwise approximations. The accuracy of the crudgarable to what we obtain in 0.5 seconds whén= 7.
Monte Carlo method with\/ sample values is given by This means that even in a situation which is favourable to
e(0). a global polynomial approximation it is worth considering
We first study the impact of the regularization on the solupiecewise polynomial approximations instead. Indeed as
tion which is the main difference compared to our previousbserved 9], the complexity of the algorithm increases
works. As mentioned in Section II, the functignmust quickly with the degreéV of the spectral approximation.
verify g(0) = 0 andg’(0) = 1. The most natural choice is

obviouslyg: (x) = x, but the use of this function for regu-

larization perturbs the solutiong andw? on each subdo- IV. THE BIDIMENSIONAL CASE

mains away from the origin. To attenuate this problem, wi

e . . . L .
can use for example the functions In this section, we describe the application of our algorithm

for the Poisson equation on the domain=| — 1, 1[x]0, 1|
gon(2) = (1 +2) "1y op(x) + 2(1 — 2)" 10 1y(2) divided in the square subdomgim =] - 1,0[x]0,1[ and

Dy =]0,1[x]0,1[. The pointwise solutions are computed
which are close to zero near -1 and 1nlf- 2 < N, these using the modified walk on spheres method. The approxi-
functions also have nice properties in terms of approximanations are done using piecewise Tchebychef tensor prod-
tion as their restrictions o; and D, belong to the same uct interpolations. We finally give some numerical results
polynomial approximation spaces thahandu3. In par- to study the impact of the different parameters on the algo-
ticular the functionr’(0)ga,» (z) + h(0))/2 is equal to its  rithm.
interpolation on the grid of each subdomain which makes
programming easier. This property is also valid in higheft- Description of the modified walk on spheres
dimensions.
In the following table, we compare the errarg( K') and
eo(K) after K steps of the algorithm using respectively the
functionsg; andg; 4. We fix for the momentv = 7.

We describe briefly the computation of

ul(z) = Bu(g(Brr) + / " (B ds),

M | e(0) | e1(10) | e1(20) | e2(10) | ex(20)
300 | 0.05 1.2 15 0.03 0.002
500 | 0.07| 0.2 0.05 | 0.01 | 0.001
700 | 0.07| 0.01 | 0.0001| 0.002 | 0.00001

by means of the modified walk on spheres method
[HWA 03] which can take into account the source term
f- In the original walk on spheres method [SAB 91], the
walk goes frome to the boundary D from a sphere to an-
We observe as in [GOB 04][GOB 05] a geometric reducether until the motion reaches theabsorption layer. The
tion of the error if the number of sample valukkis large spheres are built so that the jumps are as large as possi-
enough. Convergence is achieved using less sample vali#s. The radius:; of the next sphere from a starting point
with g2 4 and is faster as well. Hence the functign, is  z; is d(z;,0D). The next point is chosen uniformly on
preferable for regularization certainly because it perturlihis sphere because of the isotropy of the Brownian mo-
only slightly the solution away from the interface. We nowtion. The contribution of the boundary conditions to walk
make some more tests for different values\dolising this is g(BiD). The contribution of the source term at stepf
function for the regularization. We denote bythe number the walki is simulated byjr?]? f(Y;') /2 where the explicit

of steps until convergence for a given valueldf We give law of Y; is obtained using a conditional Green function
the CPU time until convergence in seconds. [HWA 03]. The Monte Carlo approximation af(x) using

M trajectories writes

N[ M | L] e(0) ea(L) | CPU

5| 100 | 23| 01 |2x10°| 0.05 LM e g2

7 | 500 | 47 01 [2x10°] 05 u(w) ~ — >N F(V) + g(BL).
J D

9 | 1000] 60 | 2x10°2 | 102 | 1.4 M4 2

The error at convergence on the solutionvat= 0 is of B pescription of the interpolation

the same order tha#(L). The error at convergencgL)

corresponds exactly to the interpolation error of the piecéhe Tchebychef approximation of a function &
wise interpolation of the exact solution at the interpolatior.?([a, b] x [c, d]) is built using the same process than in
points. We can also make a comparison between these démension one. We give directly the interpolation poly-
sults and results obtained by a global spectral approximaemial Py (u) at the points of the Tchebychef grid =



by, + 4t andz; = 452, + 4E< of this function by

Py()(ey) = 3 anm

n=0m=0

20 —a—>b
b—a

2y —c—d

TH/
( d—rc

)T ( )

where then,, ,,, are defined by

71_2

T * | T |” (N + 1)

k=0 35=0

2 Z Z WYk, 2j) Tn(xk) T ().

C. Numerical results

We still study a Poisson equation where the solution is
very regular. The complexity of the method increases com-
pared to the one-dimensional case. The pointwise solution
will have to be computed &(N + 1)? points instead of
2(N + 1) and the source terms on each subdomains will be
constituted of @ (N?) terms instead of &(N). The walk

on spheres method is obviously more consuming than the
integral representation but it really emphasizes the advan-
tage of dividing the domain in terms of duration of the tra-
jectories. Indeed the computations of the approximations
on each subdomain are done using more local trajectories.
Only the pointwise solutions on the interface are computed
by means of trajectories which move in the whole domain.

We consider the equation

The quality of this approximation is studied very precisely

in [BER 97]. As in dimension one, we also need to com-
pute derivatives ofPy (u) to perform the algorithm. We

have
8PN u NN
T
n=0m=0
2r—a—b 20 —c—d
T, T
(= )T
with
N
4
rYTL,m - (b o a) Z p ap,m
p=n+1,p+nodd
and also
N N
APy(u)(z,y) = > Y al),
n=0m=0
2 —a—b 2y —c—d
T, T,
n( b—a )T d—c )
with
N 4p(p? — n?)

DS

(b . a)z apﬂn
p=n+2,p+neven

N

>

p=m-+2,p+m even

4p(p® — m?)
(b—a)?

On.p-

1
—§Au(x, y) = —exp(z +y)

with Dirichlet boundary conditions chosen so that the solu-
tion of this equation isu(x, y) = exp(z + y). We first take

¢ = 107% to focus on the Monte Carlo error. We use the
function g, 4 for the regularization process whén= 5, 7
and the functiory, ¢ when N = 9 which is really more
efficient in this case.

N| M | L |e0) e(L) CPU
51100 [21] 0.2 [2x10°%] 6.1
7] 400 [ 39]0.18 | 2x1077 | 94
9 | 1000| 52| 0.1 10~ 12 488

We achieve an accuracy on the solution of this equation cor-
responding exactly to the interpolation error. Moreover, we
observe that we can obtain an accuracg of 10~° when

N = 7 which is below the discretization error of the walk

on spheres. This phenomenon has already been observed
and justified in our previous works. In order to reduce the
CPU times, we have now diminisheduntil this property
drops. Taking = 5 x 10~2, we have the following results.

N[ M [ LJ[e0)| el |CPU
5100 | 21018 | 3x10°©° | 1.9
7 | 400 | 39005 | 2x10° | 32
9 [1000| 52| 0.07 | 2x 10 2 | 148

The numerical accuracy on the solution is similar to the one
obtained withe = 10~%. The CPU times have been divided

by about three. The accuracies obtained here are of course
out of reach of a crude Monte Carlo method.



V. CONCLUSION AND FUTURE WORK [GOB 05] GoBETE., MAIRE S.,Sequential control variates for
functionals of Markov processeso appear in SIAM Journal on
We have introduced and studied a sequential Monte Ca%umerlcal Analysis2005.

version of the domain decomposition method for the Poidt!WA 03] HWANG C., MASCAGNI M., GIVEN J., A Feynman-.
ac path-integral implementation for Poisson’s equation using

son equation. Different numeri.cal tests in dimension ON&n h-conditioned Green’s functionMath. Comput. Simulatign
and two have showed that as in [GOB 04] both the varivol. 62, n3-6, p. 347-355, 2003, 3rd IMACS Seminar on Monte
ance and the bias reduce geometrically at each step of tharlo Methods—MCM 2001 (Salzburg).

algorithm up to a threshold. The main difficulty comparedLAP 98] LAPEYRE B., PARDOUX E., SENTIS R., Méthodes

; +de Monte Carlo pour les processus de transport et de diffusion
o our previous global spectral method was to handle Wltgollection Mattematiques et Applications 29 - Springer Verlag,

the interface conditions. This has been done by a compuggs.

tatlon. of reS|duaI§ on this interface combined with an aQr ET 94] LE TALLEC P., Domain decomposition methods in
propriate regularization process. There are two main ademputational mechanics Comput. Mech. Ady.vol. 1, n2,
vantages compared to our previous method. First most Bf 121-220, 1994.

the simulations of the Brownian motion are done in smallgMAI 03] MAIRE S., Reducing variance using iterated control

domains than the original one which diminishes the simula/ariates The Journal of Statistical Computation and Simulation
vol. 73, n1, p. 1-29, 2003.

tion times. Second the use of lower degree polynomial in- £103] P E 1 5 b - ion b

: H EIRANO E., IALAY ., bomain decompaosition oy
terpolations enables to redupe the.complexﬁy ofthe methélaochastic methodsPomain decomposition methods in science
and hence the number of simulations required for convesnd engineering p. 131-147 (electronic), Natl. Auton. Univ.

gence. Mex., Mexico, 2003.
Proofs of convergence are in progress using a similar fix¢gAB 91] SaseLFELD K., Monte Carlo methods in boundary
point approach as the one developed in [GOB 05]. Our go4glue problems Springer Series in Computational Physics,
is to extend this method to multidomain decomposition o§p”nger'verlag' Berlin, 1991, Translated from the Russian.
more complex domain and in higher dimensions. As a con-
sequence different strategies need to be developed for the
passages from a domain to an other and for the approx-
imations in each domain as well. Furthermore, as many
Monte Carlo methods our algorithm can also take a huge
benefit from massive parallel computing. We think that a
combination of all these tools can make these sequential
methods really competitive compared to deterministic nu-
merical methods for partial differential equations even in
low dimensions.
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